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The mechanism of catalytic copolymerization of two monomers A and B is treated with the 
the aid of steady state approximation. Two initiation and two termination rates are assumed, 
one for each monomer. Four propagation rates are considered, corresponding to the four pos- 
sibilities of addition, namely, addition of monomer A toa chain ending in A* or toa chain ending 
in B* and addition of monomer B to a chain ending in A* or to a chain ending in B*. Over-all 
rate and number average molecular weight are calculated. The composition of the polymer and 
the number distribution curves of groups of submolecules a and of submolecules } are 
calculated as functions of the monomer composition and two rate constant ratios. These last 
results are of general character and independent of the nature of the initiation and termination 
processes provided that the average degree of polymerization is “high.” 


HE mechanism of polymerization reactions 
involving one single type of monomer has 

been treated extensively and successfully in the 
course of the last fifteen years. We have at our 
disposal a number of equations describing rate of 
polymerization, average degree of polymeriza- 
tion, and shape of size distribution curves as 
variables of reaction conditions for a wide variety 
of cases. Systems involving two or more monomers 
have also been investigated, but less thoroughly, 
in the past. F. T. Wall' treated, in a series of 
papers, the structure of vinyl copolymers. His 
results were compared to the experimental data 
of C. S. Marvel and co-workers.? More recently, 
H. Branson and R. Simha® attacked the problem. 


* At present with Monsanto Chemical Company, Spring- 
field, Massachusetts. 

** At present with Godfrey L. Cabot, Inc., Boston, Mas- 
sachusetts. 

1F, T. Wall, J. Am. Chem. Soc. 62, 803 (1940) ; 63, 821, 
1862 (1941); 64, 269 (1942). 

2C. S. Marvel and co-workers, J. Am. Chem. Soc. 60, 280 
(1938) ; 61, 3241, 3156 (1939) ; 62, 3499 (1940) ; 64, 92 (1942). 
(1943) Branson and R. Simha, J. Chem. Phys. 11, 6, 297 


All these treatments involve one serious over- 
simplification: They assume only two distinct 
propagation processes—the addition of each type 
of monomer to the growing chain. Jenckel‘ 
recognizes the existence of four distinct propa- 
gation processes: addition of monomer A to 
active chain ending in A, addition of monomer A 
to chain ending in B, and addition of monomer B 
to each kind of active chain. However, Jenckel 
restricts his treatment by considering only those 
cases where certain simple relationships hold be- 
tween the four propagation rate constants. 

This paper is an attempt to handle the problem 
without restricting conditions as to the values of 
the rate constants of the elementary processes, 
and to give a general expression for the over-all 


_ rate and the number average molecular weight of 


a polymer obtained from the catalytic polymeri- 
zation of two monomers. The structure and 
composition of the resulting polymer are also 
calculated—this, however, with the restriction 


4E. Jenckel, Zeits. f. physik. Chemie A170, 24 (1941). 
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that the average molecular weight is ‘‘high.’’ This 
restriction is not necessary from a mathematical 
point of view, but it makes the resulting equa- 
tions much simpler and is applicable to all 
practical cases. 

The treatment of the rate of polymerization is 
carried out in the customary manner, by means 
of a steady state approximation, as was used in 
many previous papers by Breitanbach, Mark, 
Schulz, Goldfinger, and others.® In the case of the 
copolymerization of two monomers, two different 
initiation rates must be assumed. Equations (1) 
and (2) give the rate of formation of active nuclei 
of the types A* and B* from the respective 
monomers A and B and catalyst c* in a bimolecu- 
lar process. 


dA* 


=k,.c*A, (1) 
(2) 


The constants k;. and Ric are written in this form 
in accordance with the constants used by Abere, 
Goldfinger, Mark, and Naidus.5 The index 1 
denotes that the constant refers to an initiation 
process, the subscript c that the process is 
catalytic, and the superscript a or b the nature of 
the monomer involved in the process. The con- 
stants which will be used later will be denoted 
similarly. The index 2 will stand for the growth 
process and the index 3 for the termination 
process. 

The propagation reaction is governed by four 
differential equations. Their meaning can best be 
shown from a schematic table (Table I). Conse- 
quently, we will have to write for the rate of 
consumption of the monomer of the type A [(x) 
and (z) J, Eq. (3). 


(3) 
and for the rate of consumption of the monomer 
of the type B [(y) and (u)], Eq. (4), 

(4) 


These four rates are to be considered since a chain 
ending in A* can add another monomer of the 
type A (x) and a chain ending in B* can also add a 


5 Abere, Goldfinger, Mark, and Naidus, Ann. New York 
Acad. Sci. 44, Art. 4, 267 (1943). 


monomer of the type A(z). On the other hand, a 
chain ending in A* can add a monomer of the 
type B(y) or a chain ending in B* can add a 
monomer of the type B(u). Thus, four different 
propagation reactions occur. We assume two 
termination reactions. 


dA* 

(5) 
dB* , 

—— =k;,c*B*. (6) 


In the first termination reaction a chain ending 
in A* is deactivated by collision with a catalyst 
and in the second a chain ending in B* is termi- 


TABLE I. 
Growing Monomer Rate of Reaction 
chain adding process product 
kp, A*A 
A—A* (x) 
\ A*B 
A-B* (y) 
ba 
ko B*A 
B-—A* (s) 
B-B* (u) 


nated by collision with a catalyst. By applying a 
steady state approximation it is easy to calculate 
the concentration of A* and B*. The approach is 
the same as that used in the case of polymerization 
of a single type of monomer. The only difference 
in the case of copolymerization is that not only 
the initiation and termination reactions influence 
the respective steady state concentrations of the 
two types of active nuclei, but their concentration 
is also changed by the propagation reaction. If, 
for example, reaction of type (y) and (x) is small 
as compared to the rate of the reaction of (x) and 
(z), then the concentration of active chain ends 
of the type A* will be greater than that of chains 
ending in B*. 

Thus A* is formed by reactions (1) and (3) and 
is consumed by reactions corresponding to the 
first terms of Eqs. (3) and (4), and also by 
Eq. (5). In the steady state, the rates of these 
reactions will be related by Eq. (7). 


+k: BtA A*B+hy,c*A*. (7) 
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A similar steady state equation (8) can be 
written for the formation and destruction of B*, 


kic*B+k: A*B=k: BYA+h3c*B*. (8) 
Equations (7) and (8) can be directly solved to 
vield the steady state concentrations of A* 
and B*. 

a ib ba a 
A(kicA +h1-B) 


*— 


(9) 


6 a ab a b 

pra +h ) (10) 


The over-all rate of polymerization is the rate 
of consumption of monomer A plus the rate of 
consumption of monomer B. Therefore, the over- 
all rate will be the sum of expressions (1), (2), (3), 
and (4). (1) and (2), however, must necessarily be 
negligibly small as compared to (3) and (4) if the 
resulting material is a “high’’ polymer. The 
over-all rate —(dA +dB)/dt is given in Eq. (11) 
after neglecting (1) and (2), 


dA+dB 
dt 


(9) (ko""A +ho™B) 
+ (10) (ko*A+k2B). (11) 


By dividing the over-all rate of polymerization 
by the rate of nucleus formation the number 
average molecular weight is obtained. Since nuclei 
are formed only by reactions (1) and (2), and 
their number is not changed by the growth 
reactions, the rate of formation of growing chains 
is equal to the rate of nucleus formation. There- 
fore the number average molecular weight P,, is 
as given by Eq. (12). 


p_ B) + (10) (bs A + B) 
ke HA +k c*B 


(12) 


If we do not distinguish between the two types of 
monomer and have therefore only one initiation, 
one growth, and one termination reaction, this 
expression reduces to 


P,=k2A/ksc*. (13): 


This result is of course identical with the number 
average molecular weight obtained for ordinary 
vinyl polymerization, on the basis of similar 
initiation and termination processes. 


In the case of polymerization involving only 
one type of monomer, the resulting polymer is 
defined by the number average molecular weight 
as obtained above. In the case in which two 
different monomers are involved, however, it is 
necessary to know the relative concentrations of 
the constituents in the polymer resulting from the 
concentration ratios in the polymerizing mixture. 
Only for very special relations among the various 
rate constants will the composition of the re- 
sulting polymer be the same as the composition 
of the monomer mixture. In general the polymer 
will be richer in one or the other monomer than 
the polymerizing mixture. In order to obtain the 
composition of the polymer as a function of the 
concentration ratio in the polymerizing mixture, 
and the rate constants of the processes involved, 
it is necessary to solve separately for expressions 
(3) and (4) and compare the results. This calcu- 
lation, while mathematically straightforward, 
results in an unwieldy expression. Furthermore, 
all eight rate constants are involved and, there- 
fore, with the experimental means at our disposal, 
no satisfactory numerical calculations would be 
possible. If the solution is limited to the case 
where the resulting polymer is of reasonably high 
average molecular weight, then the contribution 
of the initiation reaction to the composition of 
the polymer can be neglected as compared to the 
contribution of the four growth reactions. In 
other words, if the rate k2’*B*A is large as com- 


pared to the rates ki.c*A, etc., the steady state 
concentration for A* and B* can be calculated 
from the four growth reactions alone. The result 
so obtained will be only slightly different from 
the result obtained from the unsimplified 
calculation. 

The following treatment, involving only the 
four propagation processes, will give correct pre- 
dictions for the chemical composition and distri- 
bution of monomeric units for any copolymeriza- 
tion reaction which results in a high average 
molecular weight, regardless of the mechanism of 
the initiation and termination processes. In this 
respect the following treatment is actually more 
general than our preceding rate considerations, 
which apply only for particular assumed mecha- 
nisms of initiation and termination. By con- 
sideration of propagation reactions only, a correct 
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evaluation is obtained of chemical composition 
and distribution of monomeric units within the 


- interior of the chain. The statistical nature of the 


end groups, however, depends upon the nature of 
the initiation and termination processes. For a 
polymer of high molecular weight, neglect of the 
end groups is justifiable. 

Using this approximation, and applying steady 
state considerations, we can write 


A*B=k,*B*A. (14) 


This indicates that in the steady state, the rate of 
reaction of polymers ending in A with monomer 
B must be equal to the rate of reaction of polymers 
ending in B with monomer A. It is now possible 
to express B* in terms of A*, although this ap- 
proach cannot yield absolute values for A* 
and B*, 

B* = /ko)(B/A)A*. (15) 


This value of B* substituted in the rate of growth 
Eq. (3) 


gives 


(3) 
—dA/dt=A*(k2*A (16) 


Similarly, the rate of addition of B to the polymer 


is 
(4) 


and substituting the value from Eq. (15) 
B? 


<= 
dt ko 


Finally, the ratio between the rate of addition of 
B and the rate of addition of A is given by: 
dB B 
dA A 
Let us introduce two new variables a and £. 
(19) 
(20) 


Equation (21) can be rewritten in terms of a 
and 


(18) 


dB B BB+A 


dA A aB+A 


The ratio of the rate of addition of the two 
monomers is, of course, also an expression for the 
ratio of those two monomers in the resulting 
polymer, a ratio which will be denoted in the 
future by b/a. In the particular case of an equi- 


(21) 


(17). 


molecular mixture (A = B) the composition of the 
polymer is 


(22) 


It is clear that the initial polymer in general does 
not possess the same composition as the monomer 
mixture. This will be true only when A, B, a, and 
B are related by the following equation: 


BB+A 
a = 1, 
aB+A 


Only in the still more special case where a=6=1 
is the initial polymer of the same composition as 
the starting monomer mixture, regardless of the 
concentrations of A and B. 

When Eq. (23) is not obeyed, the initial 
polymer is relatively richer in one component 
than in the other. The more reactive monomer is 
thus used up more rapidly, leaving the monomer 
mixture relatively poorer in this component. It 
necessarily follows that the last polymer to be 
formed is relatively richer in the less reactive 
constituent. The over-all polymerization product 
is thus a mixture of copolymer molecules of 
different chemical constitution. The variation of 
copolymer composition with extent of polymer- 
ization is a soluble mathematical problem, but 
the result is overly complicated. A more pertinent 
problem is the prevention of this variation in 
composition, as discussed in the next paragraphs. 

If a and 8 are known for a given pair of 
monomers, it should be possible to prepare a 
copolymer of desired initial composition b/a=x 
by starting with a monomer mixture in which the 
two components have the relative concentrations 
B/A=y, where y is determined by x, a, and 8, as 
follows: 


(23) 


1) 
a 

y 28 . (24) 
This choice of initial monomer concentrations 
gives an initial copolymer of the desired composi- 
tion, but as the polymerization proceeds, the 
polymer formed will become richer and richer in 
the less reactive component. If it is desired to 
produce a uniform polymer, all of the composi- 
tion x, then not only must the starting monomers 
be present in the ratio y, but this monomer ratio 


co 


3: 00 


Tr 
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must be maintained throughout the course of the 
polymerization. This can be done by continuously 
adding additional quantities of the more reactive 
monomer. 

Another question of equal importance as the 
composition of the polymer is the average length 
of sequences of monomer of the same type. It is 
obvious that, depending on the relative values of 
the propagation rate constants, groups of varying 
sizes of the same monomer will be found in the 
polymer. When the rate constants and 
are large as compared to the rate constants k2”” 
and k,"*, one can expect to find long sequences of 
A’s followed by long sequences of B’s, whereas if 
the relative values of those rate constants are 
reversed, then the polymer will contain short 
groups of A’s followed by short groups of B’s. 
This question is of very great importance since in 
the first case a copolymer might be truly a 
copolymer from a chemical point of view while 
exhibiting properties similar to the properties of a 
mixture of two polymers. 

By defining four probabilites Pas, Pa, Psa, Pw 
for the probabilities of a monomer of the type A 
adding to a chain ending in A*, a monomer of the 
type B adding to a chain ending in A*, a monomer 
of the type A adding to a chain ending in B*, and 
a monomer of the type B adding to a chain 
ending in B*, it is easy to calculate the average 
length of segments of A’s and B’s. 

Toa chain ending in A*, only one of two things 
can happen: (1) a monomer A or (2) a monomer 
B can add, therefore the probability Paa will be 
the rate of addition of A over the rate of addition 
of A+the rate of addition of B, etc. 


(25) 


The average length (m) of groups of A’s and the 
average length (m) of groups of B’s can be de- 
termined by the following consideration: To the 
first constituent A of a group of A’s picked at 
random, the addition reaction k2**A*A, whose 
probability is P.o, has had to be repeated (m—1) 
times, to yield a group of nA’s. The probability 
of these (n — 1) consecutive additions is (Paa)"~”. 
This sequence of reactions must then be followed 
by the addition of a B, which has the probability 
P.». The probability that a group of A’s picked 
at random contains » members is thus: 


N(n) = Poa" Pras. (26) 


This is also the number distribution function for 
the lengths of A sequences. 

Similarly, the number distribution function for 
sequences of B’s is given by: 


N(m) = Pw"? (27) 


where N(m) represents the fraction of all B 
sequences which possess m members. 

The average length of the A sequences must of 
course bear a very simple relationship to the 
average length of the B sequences, since there 
will be (neglecting end sequences) just as many A 
sequences as B sequences in the copolymer. If % 
and m are the number average lengths of A and B 
sequences, respectively, and a/b is the number 
ratio of A’s to B’s in the molecule, then 7 and m 
are related by the expression: 


ni/m=a/b. (28) 


SUMMARY 


The catalytic copolymerization reaction of two 
monomers A and B is treated. 

An expression is found for the over-all rate of 
polymerization (11) and the number average 
degree of polymerization (12). The composition 
of the copolymer is given as a function of the 
ratios of the four propagation rate constants, and 
the concentration of the reacting monomers (21) 
and (24). Finally, the arrangement of the con- 
stituents in this copolymer is calculated as a 
function of the same variables (26) and (27). 
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A table of line strengths for rigid asymmetric rotors is given, by means of which to this 
approximation the relative intensities of all important rotational lines up to J < 13 for all bands 
of any molecule can be readily calculated, provided the asymmetry is roughly the same in the 
initial and final states. A classification of the irregularly spaced lines of the asymmetric rotor 
is made into “sub-branches” defined by the changes of the K values of the initial level in the 
limiting prolate and oblate symmetric rotors, and into ‘‘wings” which collect together lines of 
the sub-branches which have uniformly varying strength and Boltzmann factor, and fairly uni- 


form spacing. 


I. INTRODUCTION 


N aseries of papers, of which this is the second, 

we propose to make a systematic approach to 
the analysis of the rotational structure of 
molecular spectra.' If the molecule is an asym- 
metric rotor, the stochastic method is the only 
one applicable. In the first paper a table was 
given from which the energy levels, and hence 
term values, for any molecule could be easily 
obtained from assumed values of interatomic 
angles and distances. Although line position is 
the primary tool used in the interpretation of 
spectra, it is not sufficient in complex spectra of 
asymmetric-rotor molecules with large moments 
of inertia, where the lines are neither regularly 
spaced nor completely resolved. In such bands 
intensities are equally important in analysis. In 
this paper we calculate the line strengths from 
the square of the elements of the direction-cosine 
matrices, covering, somewhat coarsely, the whole 
range of asymmetry possible for all levels up to 
J< 13. Relative intensities can be easily cal- 
culated from the strengths. 

No tables of line strengths or intensities have 
appeared hitherto in the literature. It has been 
customary to use the limiting prolate or oblate 
symmetric-rotor intensities for transitions from 


* This paper is based on a portion of a thesis presented 
by R. M. Hainer in partial fulfillment of the requirements 
for the degree of Doctor of Philosophy in the Graduate 
School of Brown University. 

1G. W. King, R. M. Hainer, and P. C. Cross, J.Chem. 
Phys. 11, 27 (1943), the first of this series, which will here- 
after be referred to as I. 
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levels of high or low 7, respectively (7 being an . 


ordinal index labelling the levels having the same 
quantum number J). The numerical results given 
here show that these can be in error by large 
factors, even with a low degree of asymmetry. 
The strengths of lines from intermediate 7 levels 
are often of quite unexpected magnitudes. 

A qualitative classification of the lines of the 
asymmetric rotor has been made. There are the 
usual P, Q, and R branches, determined by the 
change in total angular momentum J. As in the 
symmetric rotor these are divided into sub- 
branches, determined by changes in internal 
angular momentum around the symmetry axes, 
except that in the asymmetric rotor there are 
two pseudo-quantum numbers K_; and 
introduced in our classification of energy levels.' 
Both of these K’s obey the symmetric-rotor 
rules as far as parity goes. The principal sub- 
branches are those in which the magnitude of 
the change of both K’s is the same as in the 
symmetric rotor (0, +1); next in importance are 
those for which only one AK is 0 or +1, and the 
other |AK| is greater than 1; and the least im- 
portant are the ‘‘forbidden’”’ sub-branches for 
which both |AK|’s are greater than 1. Finally 
the lines of the sub-branches are classified into 
wings, in which one K or the other is held con- 
stant. This procedure groups together lines whose 
strength and Boltzmann factors vary uniformly 
and whose positions are as regular as can be 
expected. 
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ASYMMETRIC ROTOR 


This classification, coupled with the quanti- 
tative results which enable one to neglect various 
sub-branches and wings in appropriate ranges of 
asymmetry, clarifies the rotational structure of 
the bands of the asymmetric rotor. 


II. ABSORPTION INTENSITY AND PROPERTIES 
OF THE DIRECTION-COSINE MATRICES 


The intensity of a spectral line may, in prin- 
ciple, be evaluated by the application of the 
quantum theory of Einstein transition probabili- 
ties. Thus the intensity of absorption for the 
transition n’’—n’ is 


82? vyN gn exp (— En 
3hcdgn exp (—E,/kt) 


x | | 


— 
n’ 


(1) 


where m stands for all the quantum numbers 
describing the state, E,,, is the energy of the 
lower state, gn, its weight factor. N is the 
number of molecules per cc and » is the fre- 
quency of the absorption line. The last factor 
| is to be taken as | the 
square of the magnitude of the n’’; n’ element 
in the matrix of the dipole vector yw. It can be 
expanded as Where F represents 
X, Y, Z, the axes of the space-fixed Cartesian 
system in terms of which the radiation field is 
described. In the absence of an external field (1) 
can be summed over the Zeeman components. 

In molecular spectra for which the separation 
of the wave functions into a rotational part Yr 
and a vibrational-electronic part Yy,. is a satis- 
factory approximation, 


fv ndv =X, f Ver Pre dv 


where the y,’s are the components of the electric 
moment associated with the vibrational-elec- 
tronic selection rules along the x, y, 2 axes of a 
molecule-fixed Cartesian system in terms of 
which the shift of electron density due to 
changing vibrational and electronic wave func- 
tions may be described. The ®,, are the direction 
cosines between the space-fixed F and rotating 
g axes. No loss of generality is incurred by iden- 
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tifying the x, y, z axes with the principal axes 
of inertia a, b, c of the molecule.! Thus except 
for the magnitude of the permanent and induced 
electric moments, / the inten- 
sities of the lines in the rotational structure of a 
band are readily evaluated from (1) and the 
elements of the matrices of the direction cosines 
in the representations which diagonalize the 
energy matrices for the upper and lower states. 

The direction cosines are the elements of an 
orthogonal transformation from molecule-fixed 
to space-fixed coordinates, satisfying the relations 


(3) 


where P, and @- are the components of angular 
momentum in the molecule-fixed and in the 
space-fixed coordinate systems, respectively. 
Applying the laws of non-commuting vector 
analysis to the basic commutation rules of 
Heisenberg, or by expressing the P,, Pr, and ®p, 
as functions of a set of Eulerian angles and ob- 
taining the corresponding Schrédinger operators, 
one may derive the following commutation rules. 
These rules and the values of the matrix elements 
have been given before,? but as it is necessary in 
the symmetry classification of the lines to use a 
representation consistent with that used for the 
calculation of the energies and transformations, 
the commutation rules and _ direction-cosine 
matrices are given here for the phase relations 
chosen in I, footnote 10: 


P.P,—P,P.= —ihP., 
PxPy —PyPx z, 
OxPy,—Py 0x = —PyPx,+ Px Py 
=th®z,, etc., 


== th® etc. 


Or= X,%r,P,, Pr, 


(4) 
(5) 


etc., 


etc. 


(6) 


(7) 


The other equations are obtained by a cyclic 
permutation of the indices. 


Pr Or = oP Fy — 0 (8) 


— Dp, =0. (9) 


2D. M. Dennison, in Rev. Mod. Phys. 3, 280 (1931) 
and earlier papers published the square of the elements 
summed over the Zeeman components. H. B. G. Casimir, 
Zeits. f. Physik 59, 623 (1929) gave in detail the com- 
mutation rules and matrix elements in the representation 
used by O. Klein, Zeits. f. Physik 58, 730 (1929). 
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TABLE I. Values of the elements of all the direction-cosine matrices, separated into the three factors of (16). Note 
how the factor de — on K changes with the internal axes g=x, y, z, and the factor dependent on M changes in 


the same way with the external axes F=X, Y, Z 


Value of J’ 
Matrix-element factor J+i J J-1 
2/ (J+ K+1)(J-—K+1) 2K —2/J?—K? 
(20) 2/(J+M+1)(J-M+1) 2M —2./J?—M? 


Since by definition 
(10) 
P?P,—P,P?=P*0r —OrP?=0. (11) 
(12) 


(since x, y, 2 are identified with the principal 
axes of inertia) and 


HP,—P,H=0, H@r—@rH=0. (13) 
Choosing a representation which simultaneously 


diagonalizes P?, P,, and ®z, one may obtain the 
following solution of the above equations. 


Also 


(P,)s,«,M; = M; J, K41,M 
= (h/2)[J(J +1) -K(K +1) ]}, 
(P.)s,x,M; m=hK, (14) 
and 


(Py), K, M; J, K,m41=1(Px) J, K, M; J,K, M41 
= (h/2)[J(J+1) —-M(M+1) }}, 


(15) 
(®z)s,K,M; 


where the phase factors are such that P, and @y 
are real and positive (see I-5 ff.), and where 
|K|<J2|M|. 

From the above equations and choice of 
phases, the elements (®r,)sxm;s'x'm of the 
direction-cosine matrices given in Table I were 
derived by the method outlined in Born and 
Jordan,’ i.e., solving the above equations alge- 

*M. Born and P. Jordan, Elementare Matrixmechanik 
ae Springer, Berlin, 1930), Chapter IV, especially pp. 

demacher and F. Reiche, Zeits. f. Physik 41, 
483, (1927), have evaluated the integrals 
Their results, which are not given in a form convenient for 


our purpose, may, however, be shown to agree with the 
elements in Table I. 


braically. Each element is composed of three 
factors: a J, J’ component which is constant 
for a given AJ, i.e., for a given P, Q, or R block; 
a JK, J'K’ component which is independent of 
M, M’; and a JM, J'’M’ component which is 
independent of K, K’. Thus an element has the 
structure 


III. CALCULATION OF DIRECTION-COSINE 
MATRICES 


Symmetric-Rotor Direction Cosines in a 
Four-Group Representation 


The symmetric-rotor basis functions employed 
in Table I belong to the group Dz, whereas the 
asymmetric-rotor functions belong to the Four 
Group V. In order to calculate the asymmetric- 
rotor line strengths and to correlate them 
properly with the components of the degenerate 
pairs to which they converge in the symmetric- 
rotor limiting cases, it is necessary to transform 
to a set of symmetric-rotor basis functions, the 
Wang functions, which also belong to the Four 
Group. This transformation X, defined in (I-26) 
and (I-29), is easily applied by inspection to the 
direction-cosine matrices of the symmetric rotor 
in the representations of D, as given in Table |, 
to give 

bp, =X'bp,X. (17) 


The elements of the @,, yield the intensities of 
the limiting symmetric-rotor transitions in a 
somewhat unusual form in that the strengths of 
the two component transitions connecting two 
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doubly degenerate pairs of energy levels are 
given in terms of a species classification of the 
energy levels which applies over the entire range 
of asymmetry, including both the prolate- and 
oblate-symmetric limiting cases. 


Asymmetric-Rotor Direction Cosines 


An asymmetric-rotor wave function may be 
expressed as a linear combination of Wang func- 
tions of the same symmetry. Thus the direction- 
cosine matrices for the asymmetric rotor ®p,4 
can be calculated from the ®,, given in Table I by 


= = (18) 


T; and 7: are the transformation matrices for 
the lower and upper states, respectively. In this 
paper we shall consider only cases in which the 
asymmetry (defined uniquely by one parameter 
x, I-11) is approximately the same in the two 
states, so that 7;~72~T. 

The transformation matrix T is diagonal with 
respect to J. For each J it is split into four sub- 
matrices, one belonging to each of the four 
species of levels. The submatrices, given by 
(I-54), may be calculated by the procedure 
described in some detail in I—Section VI. 

In the absence of external fields which remove 
the space degeneracy, X and T are both diagonal 
with respect to J and M, and the factors 
and (®r,)y, Of (16) are invariant 
under transformation by XT. Hence, in making 
our numerical computations, only the factor 
(ry), Was transformed. 


Evaluation of Line Strengths 


To include all the degenerate components con- 
tributing to a given transition, J,—J’,,, the 
direction-cosine elements are 
squared and summed over M, M’, and F. In 
the absence of external fields, X¥, Y, and Z are 
equivalent, and the summation of the squared 
elements over F may be accomplished by mul- 
tiplying the squared elements for any given F 
by the factor three. Thus: 


M,M’ 


(where Z on the right hand could be replaced by 


X or Y) and is called the line strength of the 
transition with the component of the electric 
moment y,, by analogy with the term used in 
atomic spectra.‘ The amount of calculation is 
minimized by transforming (#z.)y,x:s:,x- and 
(®z y+ iz)s,K:a',K’, from the latter of which the 
elements of and are 
obtained by inspection. 

The orthogonal properties of the direction- 
cosine matrices aid in the calculation since they 
result in several kinds of stability’ under unitary 
transformations. The following laws of ‘‘spec- 
troscopic stability’’ were used to detect and 
eliminate errors in the matrix multiplications: 


J 


J'=J—-1 
J+1 
J'=aJ r’ 
> 9, 7M: J’, =2J+1, (22) 
F,J’, 7’, M’,M 
F,g, 7’, M’,M 
> 
F,7,7',M’,M 


= 3(2J+1)(2J’+1). (24) 


The line strengths of all permitted asym- 
metric-rotor transitions involving levels of J < 13, 
except for high order ‘‘forbidden’’ sub-branches 
of line strength no greater than 0.0030, are 
tabulated in a condensed form in the Appendix.® 

All calculations were done to six decimal 
places and rounded off to four. A systematic ap- 
plication of the sum rules is believed to have 
eliminated all errors except inaccuracies due to 
rounding off. In taking sums by rule (22) the 
deviation from the exact value was found to be 
0.0001 in many levels of low J’s rising to 0.0003 
in J=6, to 0.0004 in J=11, and to 0.0005 in 
J=12, where the sum involves seventeen levels 
each of which was rounded off to the fourth 
decimal. 


4E. U. Condon and G. H. Shortley, The Theory of 
aki Spectra (Macmillan, Cambridge, England, 1935), 
Pp. 

5 See, for atomic spectra, Condon and Shortley, reference 

4,p.7 1, and for Raman spectra, G. Placzek and E. Teller, 
Zeits. f. Physik 81, 209 (1933). 

* The various sum rules do not apply to the data of the 
Appendix because of these omissions. 
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TABLE II. Direction of the electric moment permitting 
transitions between states belonging to the representations 
of the Four Group. 


A Ba Bo Be 

Rep. ee eo 00 oe 
A ee — a b c 
B, eo a — c b 
B, 00 b a 

B. oe b a 


TABLE III. Allowed changes in representation, labelled 
by the KK notation, for the three components of the 
electric moment, which show the selection rules in terms 
of parity changes in the K’s. 


Final representation for moment 


parallel to 
a 
Initial representation (least) (middle) (greatest) 
ee eo 00 oe 
eo ee oe 00 
00 oe ee eo 
oe 00 co ee 
Parity change is in Ki Kui 


IV. SELECTION RULES 


The selection rules for the asymmetric rotor 
were given by Dennison’ in terms of the + — 
notation. They can be stated quite simply in 
the KK notation, i.e., in terms of the symmetric- 
rotor selection rules, in a form which is valuable 
in unravelling the structure of the spectrum. 

Since the transformation matrices are diagonal 
with respect to J, the selection rules for J in the 
asymmetric rotor are the same as in the sym- 
metric rotor. Thus, AJ=0, +1, corresponding to 
Q, R, and P branches, respectively. The rules 
for K_,; and K, can be obtained very easily by 
means of group theory as follows. The compo- 
nents of the electric moment along the molecular 
a, b, c axes belong, respectively, to the repre- 
sentations B., B,, B., of the Four Group (I— 
Table IV). The product of the characters of the 
representations of the initial and final wave 
functions and of the vector must be +1 for all 
group operators. Thus, if the representation of 
one is A, the other two must belong to the same 
representation, and if no representation is A, 
all must be different. Table II gives the per- 
mitted changes in representation for each com- 
ponent of the electric moment. These changes 
can now be interpreted in terms of the sym- 


7D. M. Dennison, Rev. Mod. Phys. 3, 280 (1931). 
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metric-rotor rules applied to each K index in- 
dividually, except that the magnitude of AK, 
instead of being restricted to 0 and +1 in the 
parallel and perpendicular directions of electric 
moment, respectively, is merely restricted to 
even and odd changes. (We shall see below, 
however, that the 0 and +1 lines are of most 
significance in the asymmetric case.) If 0 and e 
are operators representing odd and even changes 
in AK, the combined operators eo, 00, oe, to be 
applied to the double suffix, belong to the repre- 
sentations of the Four Group, eo (or B,), 00 (or 
B,), and oe (or B,), respectively, and in this way 
are directly related to the components of the 
electric moment a, b, c which also belong to 
these respective representations. The remaining 
operator ee belongs to representation ee (or A), 
but no branches of this type occur. The results 
for the asymmetric rotor can be summarized as 
follows (see also Table II1). 

For the electric moment parallel to the axis 
of least moment of inertia (a) the parity of the 
K_, index does not change. 

For the electric moment parallel to the axis of 
greatest moment of inertia (c) the parity of the 
K, index does not change. 

For the electric moment parallel to the axis 
of intermediate moment of inertia (6) neither of 
the K indices does not change, i.e., both change. 

These rules are independent of J or AJ values. 

In the general case of the asymmetric rotor e 
can stand for AK=0, +2, +4, etc., and the 
operator 0 can stand for AK=+1, +3, etc. 
However, not all numerical combinations of 
AK_,; and AK, are possible because the sum 
K_,+, for any level is equal to J for even 
levels, and J+1 for odd levels.* The permitted 
values of A(K_1:+K,) =AK_,+AK,=sum of the 
two operators e and 0 are given in Table IV. 

Notation: In the symmetric rotor the branches 
of the spectrum are identified by a literal nota- 
tion, i.e., for AJ=0, +1 and —1 by Q, R, and P, 

8 Odd and even levels are defined by the parity of y in 
the definition of the Wang functions as positive and nega- 
tive combinations of the symmetric-rotor functions (I-26). 
There are six different sets of y (of which only two are 
distinct) corresponding to the six choices of symmetric- 
rotor functions. The y used here, and in I—Table VIII, 
is that used with the functions which become the prolate 
and oblate functions in the limiting cases. The parity of 7, 
hence the level, can be readily found either from I—Table 


VIII or from the parity of the J+ K_,+K, or of J+r. See 
also reference 9, 
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respectively, and for AK=0, +1 and —1 by 
q, r, and p, respectively, which define ‘‘sub- 
branches.’’ Some authors have used such a nota- 
tion for the asymmetric rotor near the limiting 
case of symmetry. However, half the sub- 
branches are not included in this notation, and 
some of them are among the strongest. It would 
be convenient to generalize these definitions so 
that the same concept of sub-branches could be 
used to describe the structure of the asymmetric- 
rotor spectrum, where the AK’s can change by 
+2, +3, etc. Unfortunately, an extension of the 
literal notation becomes clumsy, so that we 
suggest a return to the numerical values of the 
AK’s. For example, the asymmetric-rotor sub- 
branch R,,, meaning AJ=+1, AK_,=0, and 
AK,=1, would be written Ro,1. Then a sub- 
branch such as P2,1 would mean AJ=~—1, 
AK_,= —2, AK,=1. Sometimes it may be simpler 
to identify transitions by Ar=AK_,—AK;,. 
However, Ar does not uniquely define a sub- 
branch, although with the direction of the elec- 
tric moment specified, it is sufficient. 


Ooo tor 110 202 212 


TABLE IV. Permitted changes in A(K_1+K.1)=AK_, 
+AK,. This table can also be used to find the parity of the 
levels from which the various transitions can arise. E.g., if 
AJ=0, AK_,=1, and AK, = —1, the sum A(K_,+K)) is 0, 
and the transitions can arise from even and odd levels to 
give both and %°Q1,1 sub-branches. If AJ=—1, 
AK_1=1, AK,;=—3, then the sum is —2 and such transi- 
tions arise only from odd levels to give only »°P1,3. 


Initial y P QO R 
even —1,0 0,1 
odd —1,-—2 0, -1 1,0 


In the identification of a sub-branch, the direc- 
tion of the moment, as determined from the 
parities of the two AK’s (Tables II and III), is 
indicated in a superscript, as is the parity of the 
initial level, e.g., 


Branches of the Asymmetric Rotor 


The distribution of sub-branches in the 
matrix of the line strengths between all states 
is shown in (25) where the non-zero elements 
have been indicated by inserting the values of 
AK_,; and 


221 220 31s 3i2 322 321 331 320 


Oove 01 11* 
Ine | Ol |— 10¢ 01 11* 10f — 
| 11*| Tot — of | T1* O1 — 10f 11* 
lie | 10¢| 11* 01 — | — O1 11* 10F 
or 11* 13¢|— 10¢ 11* 2T — | 01 11* 10¢ — 21 3I* 
2120 1i* — | Tot — 11* 12¢| T1* Of — 10¢ 11* — 
ne — OF | 11* 01 — 10¢ 11*| — O1 11* 10¢ — 27 
20 — Jot Ti*|21 for — of | — T2¢ Ti* O01 — 11* 
21 1* — | 23 13* — O1 11* 10f 
3ose or 11* 13¢ — 23 |— 10¢ 11* 21 — 33¢ 33+ 
3130 Ti* of — 13¢ 13*| Tot — of 11* 13 — 23 
Tot — Of 11* 13¢|11* 01 — 10¢ 11* — 
3220 — fot of — | 31 — OF 11* 
31 T1* — Of |— Ti* — 10f 11* 
3310 31* 31 — fot 32¢ — 21 fot — of 
32¢ — 31 f1* | 33* 33 — f1* 01 — 


Plain numerals are used for branches appearing 
with a component along a, an asterisk the com- 


ponent along b, and a dagger the component 
along c. It is seen that the transitions of any 
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sub-branch appear only along diagonals of the 
blocks. Half the sub-branches arise from either 
odd or even levels. Examination of the numerical 
values of the others, which arise from both odd 
and even levels, shows that the strengths alter- 
nate in value. A smooth trend of numbers is 
obtained by separating the latter into ‘‘e’’ and 
“o”’ parts (arising from even and odd levels, 
respectively), each of which will henceforth be 
called a sub-branch,’ e.g., °Qi,1 and °°Qi,1. The 


TaBLE V. Summary of arrangement of sub-branches 
in the Table of Line Strengths in the Appendix. The 
reverse, inverse, and inverse-reverse (see Section VI) of 
any sub-branch are to be found in the same row of the 
table as is the primary. Sub-branches in columns 1 and 2 
and columns 3 and 4 are reverses of each other and have 
the same strengths. Sub-branches in columns 3 and 4 are 
inverses of those in columns 1 and 2 and have the same 
strengths for opposite signs of x. Column 5 summarizes the 
maximum line strengths found in any group of sub- 
branches by giving the number of digits in the strength 
X10‘, for five values of x, #1, 0, +0.5, and +1, 
where the upper sign applies to the sub-branches in columns 
1 and 2, and the lower sign to those in columns 3 and 4. 


“Symmetric-rotor” sub-branches 


a and ¢ sub-branches Strengths 
Prolate and Oblate 


Prolate only (c) Oblate only (a) 


¢.eRT,2 2,eR2,1 5,5,4,4,0 
¢.0RT,2 ¢.0P1,3 2,0R2,1 5,4,4,4,0 
6 sub-branches 
Prolate and Oblate 
6.eQ1,1 ,1§ b.eQ1,1§ 6,5,5,5,6 
beR1,1 b,oPT,1 beR1,1§ b.oPT,1§ 6,6,6,6,6 
0RT,1 bePy bePT,1 5,6,6,6,6 


Prolate only Oblate only 
5.eR3,1 b,0P3,1 5,4,4,4,0 


First-order forbidden sub-branches 
a and c sub-branches 


£,003 €.€(3,2 0,4,4,4,0 

¢.¢R3,2 2,eR2,3 0,4,4,4,0 

¢.0R3,2 ¢.0P3,2 9,0R3,3 2,0P2,3 0,3,3,3,0 

©¢R3,4 P3,4 2.¢P4,3 0,3,3,2,0 

¢0P3,4 20R4,3 0,2,2,1,0 
6 sub-branches 


3 >.093,3 >.093,3 0,3,3,3,0 
»oR3,3 >.0R3,3 b.eP3,3 0,3,3,3,0 

0,2,2,2,0 


b.eR3,5 b.0P3,5 P53 


§ Same lines as in columns 1 and 2, but sorted on Ki. 


® Since the parity of the initial levels with respect to 
has no direct significance in spectrum analysis, and since 
the representation of the Four Group to which the initial 
level belongs is of importance because differing nuclear-spin 


e and o parts have now the same number of lines 
as the other sub-branches. 

The values of the line strengths decrease away 
from the principal diagonal as AK_,, AK, (and 
hence Ar) increase, i.e., as the departure from 
the selection rules of the symmetric rotor in- 
creases. 


V. STRUCTURE OF THE SPECTRUM 


The principal lines in the spectrum of the 
asymmetric rotor are those which occur in the 
symmetric rotor, if we first resolve the doubly 
degenerate levels of the latter into their Wang 
components, which retain their identity as the 
rotor becomes asymmetric. The resolution of this 
degeneracy, which splits the symmetric-rotor 
energy levels into those of the asymmetric rotor, 
also is responsible for a splitting of the p, g, and 
r sub-branches of the oblate- and prolate-rotor 
spectra into the sub-branches of the asymmetric- 
rotor spectra. 

The principal sub-branches of the asymmetric 
rotor are those for which both K’s change by 0 
or +1, and so become #, g, or r branches in both 
the prolate- and the oblate-symmetric limiting 
cases. These sub-branches are listed first in the 
Table of Line Strengths found in the Appendix 
(of which Table V is a summary), and are 
shown diagrammatically by heavy lines in Fig. 1. 

The next important sub-branches are those in 
which AK changes by 0, +1, i.e., which are p, q, 
or r sub-branches in either the prolate or oblate 
case, but for which the other index operator has 
an absolute value greater than 1, corresponding 
to forbidden transitions of zero intensity in the 
other symmetry case (oblate or prolate, respec- 
tively). These sub-branches, such as P1,3, are 
listed second in the tables, and are shown by 
light lines in Fig. 1. Note that in transitions of 
the symmetric rotor in the Wang resolution, 
changes in the K which is not the true quantum 
number can have an absolute value greater than 
unity. 
weight factors may have to be applied to each, one might 
expect a sub-division of the sub-branches on ee, eo, oe, and 
oo. The sorting of sub-branches into four parts arising 
from each of these species of the initial levels does not give 
smooth sequences of strengths. The parity of J+vy, not 
y alone, is characteristic of each symmetry species (I— 
Table VIII); or, from the opposite point of view, each 


sub-branch, even when divided into y-even and y-odd 
components, arises from levels of all four species. 
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Fic. 1. A chart correlating the sub-branches of the asymmetric rotor with those of the symmetric-rotor limiting 
cases. Those permitted in both the prolate and oblate rotors, and hence of high strength throughout the whole range 
of asymmetry are indicated by heavy lines. Pairs of sub-branches arising from the same permitted sub-branch in 
one limiting case and going to the same or different sub-branches in the other case have about the same strengths. 
Sub-branches permitted in only one or the other limit are shown by fine lines. The strengths of the strong wings fall 
off very rapidly on moving away from the permitted limiting cases, and so can be neglected (as shown by dashed 
lines) except close to the limiting case where they are permitted. 


Finally, in the last part of the tables we have 
listed sub-branches of the asymmetric rotor 
which are forbidden in both prolate and oblate 
limiting cases. These not only have very low 
intensities even for the most asymmetric rotor, 
but also do not occur below certain values of J. 
Even with a favorable Boltzmann factor these 
sub-branches can usually be disregarded in the 
structure of the rotational spectra of the asym- 
metric rotor. We have only tabulated the 
“first-order” forbidden sub-branches, |Ar| =5, 
6, 7, 8, which appear first at J2 3. The highest 
strength of any forbidden line calculated (J < 13) 
is 0.3100. Second-order forbidden transitions, 
|Ar| =9, 10, 11, 12, which appear first at J2 5, 
have strengths no greater than 0.0030; higher 
orders, Art>12, which begin at J27, have 
strengths less than 0.0001. 


VI. TABLES OF LINE STRENGTHS 


Certain symmetrical relations in the matrices, 
based on the KK notation just discussed, enable 
us to condense the tabulation of the numerical 
material to one-quarter of the total number of 
transitions. Let us consider a transition from a 
level with J=j, K.1=k, Ki=1, r=t, or to 
another level Amn,s; let this be called a ‘‘primary” 
transition. Related to this transition is the 
“reverse” transition Amn,s—jxi,t. The term “‘re- 
verse’ is chosen because the spectral lines of the 
pure rotational emission spectra will suffer ‘‘line 
reversal’’ by the reverse transition, a well-known 
phenomenon in atomic spectra.'® The strength 
for the reverse transition appears on the opposite 

10 In the pure rotational emission spectrum (1) would be 


replaced by an equation involving both Einstein coef- 
ficients. 
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side of the main diagonal of (25) from that on 
which the primary transition is located. When 
the asymmetry parameter is the same in the 
two states (the only case considered in this 
work), these two elements are numerically equal. 
In the Appendix a transition beginning on jx,¢ 
is listed in column 1, the final level being read 
in column 2. The line strengths given in the next 
columns, 3—7 (with the upper sign of «) are the 
same for another line, the reverse of the above, 
whose initial level is given in column 2 and final 
level in column 1. The columns in the Appendix 
are headed by the name of the sub-branch whose 
initial levels are given in that column, the final 
levels being found in the adjacent column. 

The asymmetry parameter «x used in Part I 
simplified the study of the energy levels because 
the patterns for positive values of x were inverted 
for negative x, i.e., 


E(k) jei,e= —E(—«)ju,-t. (26) 


Therefore, the transformation matrices and 
hence (25) for negative values of «x will be 
numerically the same as for the positive values, 
but will have the row and column labelling in- 
verted. Thus for a primary transition at « there 
is an “‘inverse’’ transition at —k 
which has the same strength as the primary. 
Finally, for a primary transition there is an 
inverse-reverse The reverse and 
the inverse-reverse strengths are the same at 
opposite signs of x. The lines which are inverses 
and inverse-reverses of the ones we chose as 
primary (column 1) in the Appendix are to be 
found by reading their initial levels in columns 
8 and 9, respectively. The lower sign of x in 
columns 3-7 is to be used for these lines. 

As one would expect, the sub-branches ap- 
pearing when the electric moment is parallel 
to the least axis are inverses of those appearing 
when the moment is parallel to the greatest, and 
vice versa. Inverses of }b sub-branches are b 
sub-branches, and in some cases a 6 sub-branch 
.is its own inverse, so that the same sub-branch 
reappears in columns 8 and 9 (see also Table V). 

The sub-branches appearing in the four 
columns of the Appendix, or in the same row of 
Table V, form a group. The reverse, inverse, and 
inverse-reverse of any one of the group is also a 
member of the group (a consequence of the Four- 


Group symmetry). All members of the group 
have the same value of |AJ| and |A7|. In the 
following we shall identify a group by the sub- 
branch appearing in the first column. The dis- 
cussion of the variation of line strength with J 
or «x is the same for all members of the group. 


Arrangement of Lines Within 
Sub-Branches: Wings 


As in the symmetric-rotor spectrum, a sub- 
branch of the asymmetric-rotor spectrum is 
composed of lines which can be classified either 
by J ora K. In order to list the lines in a way so 
that there is a continuous trend in the line 
strengths, one can hold K fixed and list by in- 
creasing J, or hold J fixed and list by K. The 
former is probably the most natural in spectrum 
analysis as it enables one to group together the 
dominant lines of a sub-branch, then the next 
most important, and so on. In the tables, then, 
we have sorted the lines of the sub-branches into 
“wings” of which there are two types: those in 
which K_, is held constant, J varies (labelled 
wing — K_,); and those in which K, is held con- 
stant (labelled wing +K,). For any given sub- 
branch sorting on one of the two K’s picks out 
the strongest lines starting from any J level and 
collects them into the first wing, then collects the 
second strongest into the second wing, etc. In 
the tables all sub-branches are sorted this way. 
Sorting on the other K usually picks out the 
weakest lines into the first wings, etc., an arrange- 
ment which is valuable for extrapolation to high 
J’s, but not used here except by accident (see 
b branches). Wings also have the valuable 
properties that the Boltzmann factors and line 
positions vary uniformly for the lines standing in 
a wing. Lines in the same wing have like variation 
in strength with degree of asymmetry. 

The strongest lines in the spectrum will be 
those which have a high transition probability 
and a favorable Boltzmann factor (low K_, or 7). 
A sorting on K_, would pick out lines with the 
most favorable Boltzmann factor. Unfortunately, 
for half the lines this is not compatible with high 
strength, and in most spectra the latter out- 
weighs the Boltzmann factor at low J’s. Thus, in 
the Appendix the sub-branches have been sorted 
for high strength on whichever K is necessary. 


a 


ho 


Ss 
ri 

re 

re 

e 

it 

a 

tl 

P 


s- 


ASYMMETRIC ROTOR 219 


It is not always feasible to do this for all values 
of x simultaneously. 

For the sub-branches appearing with the 
moment parallel to c it is possible to sort the 
lines (on K_,) whereby the first wing contains 
the strongest lines both on account of high 
transition probability and favorable Boltzmann 
factor, with two exceptions, and 
where it is impossible to sort for both simul- 
taneously. In the table these sub-branches have 
been sorted (on K;) for high strength. In a band 
associated with a moment parallel to c these 
two sub-branches will be much weaker than 
and °Q1,0. 

Except for *Ro,1 and *Po,i (the inverses of the 
two exceptions just mentioned in c bands), the 
sub-branches appearing with moment parallel 
to a cannot be sorted for both influences favor- 
able and are sorted (on K_,) for high strength 
only. For many molecules, e.g., 1725S, this is more 
satisfactory than sorting for Boltzmann factor, 
and not for strength, because the latter usually 
outweighs the former. However, there may be 
some examples where the K_,; wings for the 
sub-branches listed on the right-hand side of the 
table are preferable. It is not at all difficult to 
pick them out from the tables. Since the two 
exceptions *Ro,1 and *Po,i also have favorable 
Boltzmann factors, they will be the outstanding 
sub-branches of bands associated with a moment 
parallel to a, as is indeed the case in the 10,100A 
band of H.S." 

The °Q branches can be sorted for both in- 
fluences favorable only in one range of x, namely, 
on K_, for negative x, and on K;, for positive x. 
Since these branches are their own inverses, the 
same numbers appear in both halves of the 
range of x, so that K_, wings can be found by 
reading from left to right and K, wings by 
reading from right to left. A similar situation 
exists with >*R1,1 and °-°P%,i. 

The sub-branches °Ri,1 and °P1,i can be sorted 
on K_, for both high strength and favorable 
Boltzmann factor simultaneously whereas their 
inverses can be sorted only for one or the other, 
and the arrangement of the table has compelled 
their sorting to be on Ky, for high strength only. 

The sorting of the prolate-or-oblate sub- 


"P. C. Cross, Phys, Rev, 47, 7 (1935) and J. Chem. 
Phys, 5, 370 (1937), J 


branches is such that it favors high strength 
near k=—1 (the commonest range of asym- 
metry), simultaneously favoring the Boltzmann 
factor for c branches and two b branches. 


Variation of Line Strengths with 
Asymmetry 


The double suffix notation for the lines and 
sub-branches shows qualitatively the way the 
asymmetric-rotor sub-branches resolve, in the 
limiting cases, into p, qg, 7, or forbidden sym- 
metric-rotor sub-branches. (See Fig. 1.) Quan- 
titatively this classification offers further sim- 
plifications because in some of the sub-branches 
the resolved pairs either have the same or very 
closely the same strengths, while other pairs 
diverge and the strength of one member dies 
out very rapidly with increasing asymmetry. 

The best example is the °Qi.o group. Here the 
prolate *Q, sub-branch splits into *°Qo,i and 
«.¢Oo,1 which are their own reverses, and so are 
numerically the same. In the oblate limit, how- 
ever, they show entirely different characteristics. 
Here they become one component of “Q, and 
of °Q,, respectively. The other component of 
“0, is **Q2,i, i.e., oblate °Q, splits into the 
prolate-and-oblate *:’°Qo,i and the oblate-only 
*.°Q2,1. Numerically, these two sub-branches 
arising from *Q, have nothing in common except 
the limiting oblate strength. The same applies 
to their reverses, which coalesce into *Q, oblate. 
A similar situation applies, of course, to the 
other sub-branches of this group which appear 
with the c moment. 

The prolate-and-oblate °Qi,1 group of sub- 
branches split from °Q, or °Q, into odd and even 
sub-branches with slightly different strength in 
the asymmetric region. Similarly, the prolate 
*R, sub-branch splits into **Ro,1 and *°Ro,1, 
which have very closely the same strengths over 
most of the range of x. 

The prolate-and-oblate °Ri.1 group and the 
*R1,1 group with which it coalesces in one or 
other of the limiting cases similarly differ only 
slightly in strength. But the °R1,i group in the 
other limiting case pairs up with the prolate-or- 
oblate decadent °R3,i group, with which it has 
nothing in common except the limiting value. 

All the lines in °Ri,1 (and °Pi,i) remain at 


Ip 
b- 

b- 

is 

er 
sO 
ne 

n- 
he 
m 
he 
xt 
n, 

to 
in 
ed 
n- 
b- 
ut 
nd 
he 

In 
he 
re- 
gh 
ee 
le 
ne 
in 
on 

be 
ity 
T). 
he 
ly, 

gh 

in 
ed 
ry. 


220 CROSS, HAINER, AND KING 


practically the same strength for all values of x, 
as one would expect from the unique symmetry 
of these sub-branches (degenerating to the °R, 
and °P, in both limits). The other prolate-and- 
oblate sub-branches contain several types of 
wings. Some have about the same strength at 
all values of x. Others remain fairly constant 
throughout most of the range, then decrease very 
rapidly to a half or a tenth of their strength; 
e.g., in *°Qo,i the transition 1212,11212,0 stays 
at a value of 23 from x= —1 to +0.5, then drops 
to 12.5 at x=+1.0. The °Ri,1 group of sub- 
branches contain certain wings which are as 
decadent as the prolate-or-oblate sub-branches; 
e.g., in the transition 111,11:—122,10 changes 
from 3.7917 for the prolate rotor to 0.0967 at 
x=-—0.5, ie., by a factor of 40 in the range 
where most triatomic molecules lie. Lines with 
similar decay characteristics are sometimes 
better grouped together by sorting on the K 
other than the one used in the tables. 

All the wings of the prolate-or-oblate sub- 
branches decrease abruptly in strength at one 
end of the range of x. The stronger wings drop in 
strength by a factor of 10 to 40 in the quarter 
next to their permitted symmetric rotor, while 
the weaker wings stay at a fairly constant 
strength over three-quarters of the range, then 
abruptly drop to zero strength in the quarter 
just before the forbidden limit. 

The strengths of all the “forbidden” sub- 
branches have a characteristic similar to that 
of the prolate-or-oblate sub-branches. In one 
quarter of the range of « the strengths rise 
abruptly from zero to the maximum value, then 
decrease more uniformly over the remaining 
three-quarters of the range. 

It is evident that the rapid changes in strength 
with « that occur in many strong lines can be 
very confusing in spectrum analysis, and can 
account for ‘‘missing’’ lines so often reported. 

In any particular case the number of im- 
portant sub-branches is considerably reduced 
from the number tabulated here in detail for all 
values of x. Some of the prolate-or-oblate sub- 
branches and many wings of the others have neg- 
ligible intensities for —0.5<«<+0.5. Further, 
if one neglects the splitting of the prolate-and- 
oblate branches, the principal structure of the 


bands of the asymmetric rotor is made up of 
sub-branches characteristic of the prolate- or 
oblate-symmetric rotor, although the actual 
strengths of the lines will have changed, in most 
cases, by a large factor. 


Interpolation for Intermediate Values of « 


The strengths of the transitions of the sym- 
metric rotor from which those for the asym- 
metric rotor were calculated give us the values 
at the two ends of the range of x. Naturally, the 
first calculations were done for the most asym- 
metric rotor with x=0. The rapid changes in 
strength with asymmetry described above made 
it necessary to take an intermediate point, which 
we chose as x= —0.5 (from which x= +0.5 fol- 
lows by symmetry). With five points we origi- 
nally hoped to be able to use the recently 
published Tables of the 5-Point Lagrangean Inter- 
polation.” Unfortunately, five-point Lagrangian 
interpolation gives a quite erroneous value when 
applied to the abruptly changing prolate-and- 
oblate lines, or to any prolate-or-oblate or for- 
bidden lines, because the Lagrangian polynomial 
becomes oscillatory to accommodate the rapid 
changes in the functions, which characteristically 
take place over small ranges of x. In extreme 
cases even negative strengths result. In general, 
three-point interpolation is preferable, or better, 
the average of two overlapping three-point inter- 
polations. 

For many strong lines, and in three-quarters 
of the range for all the others, linear interpolation 
is accurate enough to compare with most experi- 
mental data. 


Variation of Line Strength with J and K 


The arrangement of lines into wings allows a 
fairly straightforward extrapolation to higher J's 
when the strengths are increasing. Decreasing 
strengths, however, should be extrapolated with 
care. We hope at some later date to investigate 
high J transitions by means of the Correspond- 
ence Principle. It should be noted in extra- 


2 Table of 5-Point Lagrangean Interpolation Coefficients 
(From 0 to 2, Argument 0.001, 7-Place). Mathematical 
Tables Project, Works Projects Administration for the 
City of New York sponsored by National Bureau of 
Standards. 
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polating that the two methods of sorting into 
wings complement each other. In this connection 
an irregularity of the wings +0 and —0 should 
be mentioned. These wings in the positive and 
negative range of x, respectively, have about 
twice the strength of the others because they 
connect levels which are not degenerate (K+;=0) 
in the symmetric rotor. These lines take all the 
transition probability which is normally divided 
between two degenerate levels. | 


VII. CONCLUSION 


The table of line strengths, when combined 
with Boltzmann and nuclear spin weight factors, 
gives a numerical value for the relative intensity 
of a line in the spectrum of the asymmetric rotor, 
and thus eliminates the troublesome uncertainty 
as to the strength with which a line is to be 
expected. This is particularly valuable for those 
lines whose intensities change rapidly with 
asymmetry. 

With the energy level table of Part I and the 
strengths of this paper, one is in a position to 
draw up spectra of any molecule, given its 
dimensions of the upper and lower states, with 
one limitation. That is, if the asymmetries of the 
two states are appreciably different, the tables 
of line strengths may not be adequate, for in this 
case the direction-cosine matrices are no longer 
symmetrical, so that the reverse and primary 
sub-bands do not have identical strengths. Cal- 
culations for extreme changes in «x show there is 
a considerable redistribution of line strength 
among the transitions from a given level. 

The results of the calculations reported in 
Parts I and II of this series have been applied 
to the calculation of pure rotation and vibration- 
rotation spectra of simple molecules, employing 
punched-card-machine methods. The ease with 
which representative spectra can be prepared 
in this manner makes the method of successive 
approximations more attractive in the analysis 
of rotational structure. When our present cal- 
culations have been extended by means of the 
Correspondence Principle to the energies and 
intensities for J>12, considerable information 
may be obtainable from unresolved band en- 


velopes. 
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APPENDIX. TABLE OF LINE STRENGTHS 


The line strengths listed here (see Tables VI and VII) 
are the squares of the elements of the direction-cosine 
matrices in the representation which diagonalizes the 
energy matrix of the asymmetric rotor, summed over the 
Zeeman components and multiplied by 3 to account for 
the three equivalent space-fixed directions, i.e., line strength 
for the component of the electric moment y,, parallel to 
the molecule-fixed axes g=a, }, ¢ is 

F=X,Y,Z 
2 


=32 2 


M’ 


[where J, r, M stand for R in (2)] and thus is the cor- 
responding prefactor on the right-hand side of (2) summed 
over X, Y, Z, M’, and M”. Actual intensities can then 
be obtained by substituting (2) in (1) provided the values 
of the integrals { Vi, mv, edv are known. Relative 
intensities are obtained by putting such of these integrals 
that are non-vanishing equal to unity. 

The entries have also been multiplied by 10‘ to eliminate 
decimal points. The parameter of asymmetry 


«= (2b—a—c)/(a—c) 


where a, b, c equal h?/2Iy, h®/2I., respectively, and 
where the condition J,=J,=I, is applied in assigning the 
moments of inertia. 

Transitions are classified by sub-branches which head 
the column in which the initial level can be found (iden- 
tified by JK_;,K1;r) and whose final level is in the adjacent 
column on the same row. 

The lines in each sub-branch are listed in wings which 
can be identified by K_: or K1, whichever is held constant, 
as can be determined by the subscripts of the initial levels. 

Sub-branches in adjacent columns have identical 
strengths. Those in columns 1 and 2 apply to the upper 
sign of x; those in columns 8 and 9 apply to the lower sign. 

The strengths found in columns 3 and 7 are those oc- 
curring in the prolate- and oblate-symmetric rotor. When 
no entry is given, the transition is forbidden. ‘‘High order 
forbidden” branches for which |Ar| =9 have been omitted. 
When the entry is 0, the strength is less than 0.0001. 
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TABLE VI. Symmetric-rotor sub-branches. 
A. a and ¢ prolate-and-oblate sub-branches. 
Sub- branch K Sub-branch 
+1 0.5 0 +0.5 +1 2,000,1 
1s 1:0 15000 15000 15000 15000 15000 11,1:0 
20.2:—2 25000 28223 31100 32845 33333 20:2 
35000 45104 50431 52155 52500 33.0:3 
—4 4: 4:-3 45000 64494 70244 71708 72000 
55000 84696 90073 91399 91667 55.0:5 55 1:4 
60.6:—6 65000 104928 109923 111174 111429 66.0:6 
70.7:-7 71.7:-6 75000 125065 129799 131004 131250 7.136 
8o.8:-8 81's. —7 85000 145135 149698 150871 151111 83'0:8 
90.9: -9 91'9:-8 95000 165170 169614 170764 171000 99'0:9 
109.10:-10 104/19; 105000 185187 189544 190677 190909 1010,0;10 1010,1:9 
115's1:-10 115000 205194 209484 210603 210834 1143,0:11 1151 1:10 
129,32: -12 125/42: 125000 225195 229434 230542 230769 1249'0:12 
14583 16278 18811 21875 23333 
20250 26168 34242 39363 40500 
25667 39338 52949 57742 58667 41:3 54.9.2 
61'5:—4 30952 56179 72319 76548 77381 65 1:4 65.23 
36161 75597 91744 95646 96429 76.1:5 76.2:4 
81'7:-6 41319 95950 111231 114943 115694 87'1:6 
91'8:—7 46444 116333 130792 134381 135111 98 2:6 
10;'9:-8 51545 136551 150418 153921 154636 109 109 9.7 
11; 115'10;—8 56629 156642 170100 173540 174242 1119,1:9 1119.2:8 
129'11;-9 61699 176660 189825 193216 193910 1255. 1:10 1241 
32431 8750 7403 6406 5944 5833 
43 041 15750 13221 13196 15598 18000 
53.3.0 22000 19105 23397 30662 33000 53.2:1 53'3:0 
—2 27857. 26374 38620. 47709 49524 649.2 64'3:1 
73\5;-2 33482 36237 57062 65399 66964 75.233 75.3.2 
836: —4 83'6:—3 38958 49682 76155 83565 85000 86\2:4 86.3.3 
93.7:—4 44333 66864 95251 102089 103444 97°3:4 
49636 86630 114393 120880 122183 103'26 
54886 107332 133621 139873 141136 119'3:6 
123'10;—8 123'10;—7 60096 128002 152940 159022 160256 1210,2:8 1240,3:7 
43 422 9000 7587 6026 4847 4500 
16500 13464 11058 11750 14667 
63 3:0 23214 18339 17488 23981 27857 63'3:0 63'4:-1 
73.4:-1 74.40 29464 22914 27745 39794 42857 74.3:1 74.4:0 
84'5.-1 35417 28185 43063 56506 59028 85\4:1 
94'6:—2 41167 35293 61523 73754 76000 963.3 64:2 
46773 45350 80547 91464 93546 107'4:3 
114'g.-4 52273 59213 99473 109542 111515 11g\4:4 
123'9. 1249, 57692 76888 - 118383 127913 129808 129'3:6 129'4:5 
S4.1:3 55.134 9167 7777 6127 4374 3667 54.5;—4 
6419.9 659.3 17024 14084 10758 «12381 
75.3.2 24107 19340 15156 18769 24107 73.4:-1 
84'4:0 85\4:1 30694. 23768 21441 37778 84\4:0 84'5:-1 
9s's:0 36944 27638 31860 49002 52778 95'5:0 
1044.2 42955 31542 47402 65474 68727 106.4:2 106 5:1 
114 115'7,-2 48788 36457 66028 82425 85379 117'5:9 
124'3.-4 125'3._3 54487 43527 85120 99805 102564 128 \4:4 123'5:3 
65.1:4 66.1: 9286 7913 6271 4244 3095 61.5;-4 61,6;-s 
853.9 86.3.3 24792 20246 14956 14996 21250 83'5.—2 83'6:-3 
95 4:1 96.4.2 31667 25157 18940 27035 33778 
1055-0 38182 29364 25162 42308 47727 105's.0 105\6,-1 
11s 6.1 44432 32945 35783 58220 62727 116/521 


126 7,<1 50481 36135 51610 74526 78526 129.6:1 
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TABLE VI.—Continued. 
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Sub-branch 


K 
0 


Sub-branch 


76,1: 77,156 9375 8011 6383 4273 2679 71,7;-6 
96'3:3 97'3:4 25333 20931 15562 12549 19000 93\6:-3 93°7:-4 
106'4.2 107'4°3 32455 26254 18837 21925 30545 
117'5.2 39205 30943 22510 36052 43561 1156. 115'7,-2 
12, 60 45673 35027 28709 51607 57692 126.6:0 1267.4 
87 1:6 9444 8087 6468 4346 2361 81.7:-6 81.8:-7 
97'0:5 17944 15167 11832 7594 8444 97'8:—6 
107°3"4 25773 16215. 17182 103'g:—5 
1174.3 1194.4 33106 27105 19675 18011 27879 1147, 114\g:—4 
127'5:9 128'5.3 40064 32174 22501 30163 25\7:-2 125": 
98 4:7 99 1:8 9500 8146 6535 4418 2111 91.9:-8 
18136 15380 12081 7731 7636 
1193.6 26136 21887 16748 10598 15682 113'g. ~6 
128'4:4 129'4:5 33654 27788 20570 15383 25641 124'3:—4 124'9:—5 
109 1:8 9545 8194 6588 4479 1909 10; 9;-8 10; 10;-9 
1199.7 18295 15554 12280 7933 6970 1199: 119'10:-8 
129 '3:6 1219.3.7 26442 22237 17176 10563 14423 123'9: 123'10:-7 
1140,1;9 1141,1:10 9583 8234 6631 4530 1742 11; 10;-9 114,11;-10 
1249,2:8 11.2.9 18429 15699 12443 8126 6410 12510; 129'11:-9 
1251,1:10 12324511 9615 8268 6667 4571 1603 125 11;-10 12) 12;-11 
00,0;0 11,051 10000 10000 10000 10000 10000 00,0:0 
29'0:2 15000 16934 18660 19707 20000 19.1:-1 20.2: -2 
29'0.2 33\0:3 25000 25893 27201 29029 30000 2012: -2 
33'0:3 44'0:4 35000 35773 36728 38312 40000 40\4:—4 
45000 45745 46619 47897 50000 4o4:—4 50's: —s 
55\0:5 66.0:6 55000 55730 56582 57727 60000 60.6:-<6 
66.0:6 65000 65721 66562 67660 70000 60\6:—6 70.7:-7 
77/027 88'0:8 75000 75714 76549 77628 980000 70.7.-7 8o'8:—8 
8.0:8 99'0:9 85000 85708 86539 87610 90000 80\8:—8 90.9:-9 
9.0.9 1010,0:10 95000 95704 96531 97597 100000 109.10; -10 
1010,0:10 105000 105701 106525 107588 110000 109 10; -10 
1 12,0;12 115000 115698 116519 117580 120000 0,12;-—12 
21.150 15000 15000 15000 15000 15000 21.150 
21 1:0 16667 22500 25581 26509 26667 241-0 
26250 29261 33801 36902 37500 
36000 38400 41758 46530 48000 413,-2 
54.1:3 65 1:4 45833 48106 50867 55604 58333 61'5:—4 
65,154 76,155 55714 57930 60533 64605 68571 
76,1;5 87.156 65625 67805 70356 73938 78750 81'7:-6 
87'1:6 75556 77710 80235 83593 88889 81'7:-6 
109'1:8 85500 87636 90142 93412 99000 10;'9:-8 
109 1:8 1119,1:9 95455 97576 100068 103301 109091 10;'9:—8 11; /10;-9 
1149,1:9 105416 107526 110008 113219 119166 12;'11:-10 
20,2; -2 20000 18636 17345 16724 16667 22.0:2 30.431 
18750 29055 30992 30230 30000 3241 
4) 2:0 53,2:1 28000 34387 41441 42462 42000 52°3.-1 
37500 41961 49227-53738 553333 59'3:-1 62'4:-2 
64,2:2 75.2:3 47143 51182 56697 64087 64286 2.4; 72\5;-3 
75,2:3 86,2:4 56875 60756 65450 73564 75000 72,5; —3 82.6; 
86,2;4 66667 70451 74899 82413 85556 82'6:—4 
97 2:5 10g 2:6 76500 980218 84567 91174 96000 10) 
108 9:6 1199.7 86364 90031 94328 100297 106364 102'g: 119'y:—7 
119'9:7 1210,2:8 96250 99880 104134 109796 116666 113'9:-7 125'10:-8 
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TABLE VI.—Continued. 
Sub-branch K Sub-branch 
30,3;— 25000 20331 18001 17567 17500 33.0; 434; 
59'3:-1 63'3:0 30000 41218 47032 45219 45000 53 63'3:0 
63'3:0 39286 46575 57381 57683 57143 63'3:0 73\4:-1 
74.321 85'3:2 48750 54876 64788 69691 68750 73\4:-1 83'5:-2 
85'3:9 96.3.3 58333 64092 71834 80981 80000 83'5:—2 93\6:—3 
96 3:3 107'3:4 68000 73557 80274 91312 91000 
107°3"4 113°3:5 77727 83147, 89526 100665 101818 1037: 
11g°3:5 129'3:6 87500 92819 90948 109320 112500 113'3:-5 123'9: 
40,4; 514:-3 30000 20650 18478 18082 18000 44 0:4 54.133 
23333 38686 34370 33475 33333 64.2.2 
73\4:-1 32143 48639 49439 47326 47143 6412-2 
73.4:-1 84\4:0 41250 52676 63082 60238 60000 74/3. 84\4:0 
84\4:0 95\41 50556 59229 73357 72645 72222 84'4:0 
106'4:2 60000 67888 80428 84877 84000 1045: 
105 \4:2 117'4:3 69546 77064 87093 96881 95455 104°6:—2 114'7:-3 
117°4:3 1234-4 79167 86444 95254 108226 106666 124'g: 
615:—4 35000 20660 18847 18422 18333 55.0: 65,154 
61'5:—4 79'5:-3 25714 40254 35224 34447 34286 75,2:3 
34375 54914 50352.» 48971 48750 75\9:3 85'3.2 
83'5:—2 43333 60334 65354 62490 62222 853.2 95 4:1 
94'5:-1 105'5:0 52500 64543 79136 75309 75000 95 4:1 105'5:0 
105 5:0 116 5-1 61818 72156 89354 87664 87273 1055.0 115 6;-1 
127°5:2 71250 80944 96120 99820 99167 115'6:—1 125"7:~2 
60,6; -6 40000 20793 19108 18664 18571 76.1; 
28125 40367 35988 35171 35000 
89'6:—4 93'6:-3 36667 58807 51410 50241 50000 86,2:4 6.3.3 
104'6;—2 45500 68406 66193 64301 963.3 1064.2 
104.6; -2 115 54546 71334 81252 77627 77273 116/5:1 
126 6:0 63750 77023 95192 90399 126°6:0 
0,7;-7 81.7;-6 45000 20990 19300 18844 18750 77,0;7 
1.7:-6 30556 40255 36587 35733 35556 87'1:6 97'0:5 
103'7.-4 60147 52457 51252 51000 107"3:4 
1037: 114'7:_3 47727 75043 67350 65775 65455 107"3°4 117°4:3 
114'7:_3 56667 79651 81971 79549 79167 117"4:3 127'5:2 
0,8; -8 1,8;-7 50000 21170 19449 18985 18889 88.0;8 8,1:7 
1.8:-7 33000 40430 37059 36182 36000 
105g: 113'3: 41364 59963 53330 52078 51818 11g'3:5 
113\8;-5 78946 68596 66999 66667 118'3:5 123\4:4 
90,9; -9 10; 55000 21315 19566 19097 19000 0,0;9 109 1:8 
10; 9;-8 11) 35454 40779 37443 36548 36364 109'1:8 
11).9;-7 123 43750 59640 54051 52766 52500 119'9:7 129'3:6 
109.10;-10 60000 21432 19662 19189 19091 1010,0:10 1110,1:9 
11; '10;-9 123'10:-8 37917 41138 37761-36854 36667 1210.2:8 
123 41;-10 65000 21527 19742 19265 19167 1244,1:10 
©°R1,0 0 +0.5 +1 2.0Po,i 
15000 15000 15000 15000 15000 
25000 25710 26243 26564 26667 
33.1;2 35000 35758 36540 37210 37500 ir 
44433 55 45000 45743 46583 47478 48000 51's:—4 
66.1:5 55000 55730 56576 57578 58333 51'5:—4 
66,1;5 77.156 65000 65721 66561 67607 68571 71.7:-6 
77,156 88 1:7 75000 75714 76550 77609 78750 7; 7;-6 8, 8;-7 
99\1:8 85000 85708 86539 87603 88889 1.9:-8 1 
99 1:8 1019.19 95000 95704 96531 97595 99000 91 10; 10; -9 
1049 1;9 114, 1;10 105000 105701 106525 107587 109091 10; 11; 41;-10 


1242 4:11 115000 115698 116519 117580 119166 114 1 


: a 
- 
> 
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TABLE VI.—Continued. 


Sub-branch K Sub-branch 
16667 16667 16667 16667 16667 
26250 28258 29391 29882 30000 
36000 38290 40354 41637 42000 
45833 48094 50537 52600 53333 
55714 57929 60461 63088 64286 
65625 67805 70340 73291 75000 
75556 77710 80231 83338 85556 
85500 87636 90142 93314 96000 

95455 97576 100068 103262 106364 
105416 107526 110008 113205 116666 
18750 18207 17796 17564 17500 
28000 31148 32063 32074 ~—«-32000 
37500 41486 44187 45001 45000 
56875 60749 64999 68208 68750 
66667 70450 74791 78959 80000 
76500 80217 84543 89339 91000 
agen 86364 90031 94320 99469 101818 
96250 99880 104133 109453 112500 
21000 19363 18449 18082 18000 
39286 45000 47370 47311 47143 
48750 54655 59178 60145 60000 
58333 64063 69788 72255 72222 
68000 73554 79716 83787 84000 
Maas 87500 92819 99012 105459 106666 
41250 48511 49684 48070 48750 
50556 58512 62686 62483 62222 
106's1 60000 67785 74286 75273 75000 
69546 77050 84774 87504 87273 
79167 86442 94504 99259 99167 
25714 20629 19107 18664 18571 
34375 37948 35978 35171 35000 
43333 51721 51284 50241 50000 
52500 62496 65297 64301 64000 
61818 71831 78026 77624 77273 
28125 20944 19300 18844 18750 
36667 39200 36585 35733 35556 
45500 54420 52436 51252 51000 
54546 66365 67167 65775 65455 
63750 76087 80851 79549 79167 
30556 «21157 19449-18985 18889 
39000 40063 37061 36182 36000 
47727 56523 53327 52078 51818 
56667 69870 68563 66999 66667 
33000 21311 19566 19097 19000 Mise 
41364 40664 37443 36548 36364. 
50000 58070 54050 52766 52500 
35454 21431 19662 19189 19091 
43750 41102 37761 36854 36667 


37917 21526 19742 19265 19167 thes 1211.29 


0 
1 


226 CROSS, HAINER, AND KING 
TABLE VI.—Continued. 
B. a and ¢ prolate-or-oblate sub-branches 
Sub-branch K Sub-branch 
8333 5110 2233 488 
4) 2:0 4, 45-3 20250 4363 650 78° 4) 2-0 44453 
6,4;-2 1,6;—5 30952 1843 266 43 64,2;2 66,1;5 
51545 664 141 23 
12) 10;-8 1,12;-11 61699 533 115 19 10,2;8 1242,1;11 
8750 7055 4522 1458 
22000 12576 2754 «274 
33482 8559 925 132 
38958 5932 685 108 
49636 2945 490 80 
54886 2204 433 71 
123.9; -6 2,11;-9 60096 1917 387 64 29,356 11,2;9 
16500 13242 7983 1599 
20464 19464 4223 374 
35417 19178 2433 273 
41167 16526 1579 222 
52273 9080 1014 163 
57692 6485 888 144 
9167 7775 6052 3368 
17024 14062 9982 3054 
24107 19225 11103 1459 
apse 30694 23287 +9000 720 
36944 26001 5708 481 
42955 26852 3433 382 
54487 21546 1796 277 
65.9. 9286 7912 6257 3863 
17411 14550 10952 4657 
31667 25098 14023 1322 
38182 29140 11121 1046. 
44432 32202 7197 595 
9375 8011 6381 4141 
17708 14899 11480 5982 
25333 20930 15306 ©4603 
32455 26247 17406 2348 
39205 30913 16805 «1258 
9444 8087 6468 4302 
17944 15167 11825 «6888 
25773 21462 16158 6602 ied 
33106 27105 19325 3955 
128 4:4 129 6.4 32170 20771 2027 126,7;-1 
9500 8146 6535 4403 — 
18136 15380 12079 7464 
26136 21887 16736 ~—-8319 


| 
| 
| 
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TABLE VI.—Continued. 
Sub-branch K Sub-branch 
= 0013 +1 0 +05 +1 0003.1 
10.9.7 0545 8194 6588 4474 
9615 8268 6667 4571 
¢.eRT,2 ¥1 0 +0.5 +1 2¢R2,1 
5000 3066 1340 293 
35000 2686 649 i111 rye 
8; 7;-6 0 9; -9 40000 2652 644 110 7,136 95 0;9 
45000 2634 640 109 
55000 2610 634 108 
1667 2062 1905 776 
8333 8748 1768 268 
3 1250 1176 1316 4 
9375 12493 2828 426 
11667 13383 2447 404 
14000 12500 2301 389 
Te 16364 11048 2226 378 
6250 6720 6025 747 
8333 10196 S011 636 
10500 14160 3947. 590 
15000 18047 3214 «540 
833 730 638 723 
3750 3384 4016 ~—«-1833 
5556 5182 6701 1165 
9545 10443 6398 —-809 eae 
7 714 
6,0;6 5,233 = 
1875 1652 1470 1860 
5000 4516 5406 1801 
6818 6288 8298 1256 


| 
6,531 5,7;—2 OU 5548 FLU 5,6;—1 7,5;2 
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TABLE VI.—Continued. 


Sub-branch 


ceP 1,2 


Sub-branch 


122.10;-8 


t 


114 
124,42;-11 


228 
K 
+1 +05 O +05 G1 
“open 625 546 463 
3000 2656 2402 ~—«-2962 
4545 4065 4106 2664 
6250 5659 6816 1772 
556 485 411 341 
119 2:7 128 4:4 2500 2201 1910 2276 119.9;-7 124\8;-4 
1250 1094 933 797 
43,3;-1 51,5;-4 6000 2228 657 116 43.231 55,154 
8333 2480 661 114 
15556 2633 644 110 
18000 2627 640 109 
1250 1025 643 213 
| 4321 3000 23171159269 54.232 
5000 3522 1389 265 
9375 5049 1429 246 Sas 
16364 5539 1360 232 
Nemes 18750 5523 1344 
} 64.351 73,5;-2 4286 3662 2018 447 63,4;-1 75,3:2 
74,4:0 83.6;-3 6250 5157 2266 424 74,4;0 86,333 
84.5;-1 93.7;-4 8333 6471- 2309 404 85.41 97 3:4 
833 729 601 346 — 
5556 4947 2953 626 
7500 6629 3209 589 109433 
86,3:3 95\5:0 3333 2962 2400 873 83.6;-3 95.530 
106\5:1 lis 7;-2 6818 6181 3940 804 105 6; -1 
| Slane 8750 7975 4195 758 
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TABLE VI.—Continued. 


Sub-branch K Sub-branch 
©RT,2 2 Fil 0 +0.5 +1 
4545 4062 3368 —«1110 
eae 6250 5646 4336 1050 
9, 3. 556 485041 
as 2500 2201 1904 «1296 
455 307 335 265 
1111,1;10 1210,3;7 417 363 307 243 111,11;-10 123 10;-7 
C. b prolate-and-oblate sub-branches 

15000 15000 15000 15000 15000 
25000 21289 16667 12044 8333 
35000 23196 14583 10583 —-8750 
55000 20634 13413 10753-9167 
65000 19779 13484 10861 9286 
75000 19511 13559 10943 9375 
85000 19487 13620 11008 9444 
95000 19524 13669 11060 9500 
105000 19565 13710 11103 9545 
Te 115000 19604 13744 11139 9583 
125000 19633 13774 11170 9615 
8333 12044 16667 21289 25000 
20250 36119 31154 20622 ‘15750 
25667 43650 28164 20038 16500 
30952 45529 26402 20356 17024 
36161 43602 26163 20670 17411 
41319 41002 26300 20926 ‘17708 
46444 39408 26465 21134 17944 
51545 38815 26611 21307 —«18136 
56629 38701 26737: «21452 ~—«18295 Toye 
61699 38736 26846 21576 18429 
8750 10583 14583 23196 35000 
15750 20022 31154 36119 20250 
33482 58783 41862 20481 24107 
38955 66715 39333 apse 
44333 68174. 38859 30348 25333 Gas 
49636 65282 38980 30705 25773 
54886 61636 39182 31011 26136 
9000 10617 13527 22157 45000 
16500 20038 . 28164 43650 25667 

23214 29422 45920 45986 27857 

29464 39987 59402 30987 29464 

35417 52950 60829 38601 30694 
41167 67954 55712 38960 31667 
46773 81732 52398 39466 32455 107'3.3 
52273 89952 51626 39938-33106 


230 CROSS, HAINER, AND KING 
TaB_eE VI.—Continued. 
Sub-branch K Sub-branch 
beQ1,1 ¥1 0.5 0 +0.5 +1 beO1,1 
9167 10753 13413 20634 55000 
ore 24107 29481 41862 58783 33482 
30694 38601 60829 52950-35417 
pte 36944 48332 74882 48332 36944 ore 
42955 59745 75829 47908 38182 
48788 73909 69690 48463 39205 
54487 90148 65598 48989 40064 27'5:2 125 4:4 
9286 10861 13484 19779 65000 
17411 20670 26163 43602 36161 ir 
24792 29932 39333 «66715-38958 
31667 38960 55712 67954 41167 
38182 47998 75829 59745 42955 
44432 57343 90410 57343 44432 
50481 67590 90893 57486 45673 
77,0:7 76.1:5 9375 10943 13559 19511 75000 70,7;-7 71.6:—5 
25333 30348 «38859-68174. «44333 
32455 39466 52308 81732 46773 
9444 11008 13620 19487 85000 
99.0:9 981: 9500 11060 13669 19524 95000 90,.9:-9 91.8:-7 
18136 21307 26611 38815 «51545 
26136 31011 39182 61636 54886 
125 5s 33654 40360 51673 90961 57692 
9545 11103 13710 19565 105000 
9583 11139 13744 19604 115000 
18429 21576 26846 38736 61699 
9615 11170 13774 19633 125000 
8333 8333 8333 8333 8333 1 
14583 13160 11667 10173 1 
20250 16126 12886 10584 9000 
25667 17823 13300 10751 9167 
30952 18716 13464 10860 9286 
36161 19158 13555 10943 9375 are 
41319 19374 13619 11008 9444 
46444 19487 13669 11060 9500 
51545 19553 13710 11103 9545 
56629 19598 13744 11139 9583 
61699 19632 13774 11170 9615 
8750 10173 11667 13160 14583 
15750 18280 19208 18280 15750 
22000 24936 23333 «19781-16500 
33482 33722 25914 20668 17411 
38958 36030 26251 20926 17708 
54886 38443 26737 21452 ~—«18295 
60096 38646 26846 21576 18429 


| 
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TABLE VI.—Continued. 


+0.5 


10584 
19781 
28237 
35974 
42717 
48149 
52121 
54738 
56299 


10751 
20331 
29347 
38050 
46432 
54266 
61181 
66823 


10860 
20668 
29917 
38893 
47745 
56495 
65013 


10943 
20926 
30347 
39458 
48430 
57370 


11008 
21134 
30705 
39937 
48985 


11060 
21307 
31011 
40360 


11103 
21452 
31275 


11139 
21576 


11170 


16126 
24936 
28237 
29347 
29917 
30347 
30705 


+0.5 


10000 
15000 
24086 
34083 
44117 
54140 
64155 
74165 
84173 
94179 
104184 
114188 


| 
231 
Sub-branch K Sub-branch 
9167 13300 17823 25667 
30694 43064 38050 30694 
36944 47757 38893 31667 
42955 50083 39458 32455 
48788 51087 39937 33106 
54487 51551 40360 33654 
66,1;5 9286 13464 18716 30952 
24792 37550 42717 35417 
31667 47757 46432 36944 
38182 55515 47745 38182 
50481 62764 48985 40064 
9375 13555 19158 36161 
17708 26251 36030 38958 
25333 38467 48149 41167 
32455 50083 54266 42955 
30205 60341 56495 44432 fics 
eae 45673 68182 57370 45673 
9444 13619 19374 41319 
17944 26455 37360 44333 
25773 38896 52121 46773 
Mens 33106 51087 61181 48788 
40064 62764 65013 50481 
9500 13669 19487 46444 
18136 26609 38072 49636 
26136 30163 54738 52273 ied 
18295 26737 38443 54886 
26442 30373 56299 37692 
9583 13744 19598 56629 
9615 MMMM 13774 19632 61699 
10000 10000 10000 10000 
35000 32533 29584 25000 
45000 42585 39100 30000 
65000 62702 59250 40000 
75000 72737 69364 45000 
85000 82763 79453 50000 
105000 102798 99576 60000 
| 
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TABLE VI.—Continued. 


Sub-branch K Sub-branch 

+1 ¥05 0 +05 +1 bo 
15000 15000 15000 15000 15000 
16667 16667 16667 16667 16667 
26250 23549 21079 19563 18750 
36000 33165 28748 + 23919 21000 
45833 43122 38409 30161 23333 
55714 53091 48508 38383 25714 
65625 63059 58609 48001 28125 
75556 73030 68678 58192 30556 
85500 83002 78720 68479 33000 
105 95455 92979 88749 78723 35454 
105416 102958 98767 88911 37917 
20000 21383 22847 24086 ~—«-25000 
18750 19563 21079 23549 26250 
47143 42259 34093 27060 32143 
56875 52226 43935 31293 34375 
66667 62172 54199 37664 36667 
76500 72110 64411 46127 39000 
86364 82050 74550 $6030 41364 
96250 91993 84638 66512 43750 
25000 29584 32533 34083 35000 
21000 23919 28748 33165 36000 
39286 31500 26801 31500 39286 
58333 51336 39046 31553 43333 
109'4'3 68000 61325 49147 33704 45500 
87500 81200 70013 44472 50000 13's, 
30000 39100 42585 44117 45000 
23333 30161 38409 43122 45833 

32143 27060 34093 42250 «47143 ew 
41250 31018 31054 41277 48750 
50556 40057 31211 40057 50556 
69546 60393 43709 37729 54546 
Meas 79167 70407 54102 37878 36667 

35000 49126 52653 54140 55000 6 

0,5;-5 1,6;-—5 5,0;5 6,1;5 
25714 38383 48508 53091 55714 
34375 31293 43935 52226 56875 
43333 31553 39046. 51336 58333 
52500 38709 35484 30269 60000 
61818 48913 35365 48913 61818 
71250 59273 39679 47228 63750 
40000 59250 62702 64155 65000 
28125 48001 58609 63059 65625 
36667 37664 54199 62172 66667 
45500 33704 49147 61325 68000 
63750 47228 39679 59273 71250 
45000 69364 72737 74165 75000 
30556 58192 68678 73030 75556 
46127 64411 72110 76500 
47727 37919 59638 71271-77727 
56667 37878 54102 70407 79167 
50000 79453 82763 84173 85000 
33000 68479 78720 83002 ~—-85500 pes 
41364 56030 74550 82050 86364 
Wane 50000 44472 70013 81200 87500 


1 

1 

1 

1 

1 

1 
4 

iT 

1 

| 

1( 
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TABLE VI.—Continued. 
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Sub-branch K Sub-branch 
1 boPT,i 0 +0.5 +1 boPT,i 
55000 89522 92782 94179 95000 
35454 78723 88749 92979 95455 
43750 66512 84638 91993 96250 
99576 102798 104184 105000 
37917 88911 98767 102958 105416 
65000 109620 112810 114188 115000 
5000 7226 10000 12774 15000 
25000 48829 52643 54140 $5000 
30000 59146 62700 64155 65000 
35000 69327 72736 74165 75000 
40000 79440 82762 84173 85000 
45000 89517 92782 94179 95000 
50000 99574 102798 104184 105000 
55000 109619 112810 114188 115000 
1667 2792 5168 10000 16667 
3750 7602 15000 22398 +~—-26250 
8333 24389 37946 43109 «45833 
10714 35443 «48405 «53090 «55714 
72,6;—-4 81.7;-6 13125 46736 58587 63059 65625 76,2:4 87.1:6 
20455 78648 88749 92979 95455 
22917 88882 98767 102958 105416 
onl 3000  -4022 8877 19900 28000 
5000 7698 19335 31792 37500 
9375 20912 43306 52219 56875 
11667 31041 54046 62172 66667 
16364 54434 74542 82050 86364 
18750 65840 84638 91993 96250 
2500 2920 5238 16127 30000 
4286 5148 12183 29700 39286 
6250 8062 23299 41022 48750 
8333 12161 36249 51302 $8333 spe 
10500 18094 48371 61321 
15000 37104 69962 81200 87500 
833 966 1253 2984 23333 
3750 4309 7685 26263 41250 
5556 6389 «15266 39231-50556 
7500 8819 27015 50150 
9545 11954 40562 60377 69546 
11667 16365 53190 70405 79167 iis ac 
1875 2170 ©2825 «8386 34375 
6818 7736 18198 48537 61818 
8750 9912 30549 59217 71250 


234 CROSS, HAINER, AND KING 
TABLE VI.—Continued. 
Sub-branch K Sub-branch 
625. 726 918 1615 28125 
1667 1932 2461 5953 36667 
3000 3467.» 4517. «16387 45500 
4545 5226 7432 32088 54546 
6250 7134 12369 46152 63750 
556 645 816 1342 30556 
1500 1741 2210 4454 39000 
4167 4808 6264 26503 «56667 
500 581 734 1176 33000 
2500 2898 3688 8874 50000 
1250 1452 1841 3076 43750 
D. 6 prolate-or-oblate sub-branches. 
-¥0.5 0 +05 41 beR3,1 
3750 1452 ~—«-297 32 
6000 1159 140 14 ote 
52,3;-1 61,.6;-5 8333 758 77 9 53,231 66,1;5 
10714 481 54 7 
72,5;-3 1,8;-7 13125 323 42 6 75,2;3 83.157 
15556 -238 35 5 
18000 30 4 ore 
10218; -6 114,41;-10 20455 163 27 4 10g 2:6 
9375 2573 219 26 
16364 826 104 14 
18750 628 90 12 
2500 2771 2305 514 
8333 6007 —«676 62 
833 965 1174 1186 
5556 6040 3008 209 
7500 7603 1831 125 
9545 8531 1026 92 
11667 8452 73 Weta 
5000 5676 4833 447 


{ 
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TABLE VI.—Continued. 


Sub-branch K Sub-branch 
3 0 +0.5 +1 heR3,1 60P3,1 
77,0;7 86.3;3 625 726 916 1313 70,7;-7 83.6;-3 
3000 3466 4214 ~—«-2032 
1210,3;7 417 484 611 964 123 10;-7 


TABLE VII. Forbidden sub-branches. 
A. a and ¢ sub-branches. 


Sub-branch Sub-branch 
©0Q3,2 03,2 0 +0.5 +1 *°02,3 
53,3;0 50,5;-5 621 286 53 3,3;0 55,0;5 
3,4;—1 0,6; 773 250 43 4.351 6,0;6 
73,5;-2 70,7;-7 809 213 35 5,3;2 77,0;7 
83.6;-3 80,.8;-8 774 183 30 86,3;3 83.0;8 
93.7;-4 90,9; -9 712 160 26 7,334 99.0;9 
103.8;-s 100,10; -10 645 141 23 108 1010,0;10 
113.9;-6 584 127 21 119 
123 129,12;-12 531 115 19 1210,3;7 1212,0;12 
54,252 51,4;-3 174 504 193 5, 54 
64.3:1 1,5;—4 527 708 163 3.451 5,134 
4,6;—2 91,.8;-7 1855 559 92 6,432 98.137 
. 1940 489 80 as 
121, 41;-10 1770 387 64 129 4:5 1211,1;10 
6,155 3,330 4 33 168 1,6;-5 63,3:0 
6,254 3,4;-1 22 212 457 72,6;-4 74,331 
6,3;3 3,5;-2 68 714 524 83.6;-3 85,352 
6,4;2 3,6;—3 1841385 456 94.6;-2 96,3;3 
10, 531 10,3 445 1777 379 10; 6;-1 107 3:4 


= 
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TABLE VII.—Continued. 
Sub-branch K Sub-branch 
€Q3,2 +1 0 +0.5 +1 *Q2,3 
77,136 74,331 3 17 114 71,7;-6 73,4;-1 
87,25 84.4;0 13 98 480 82.7;-5 84,4;0 
97.3:4 94,5;-1 36 385 714 93,7;-4 95,431 
1074.3 84 1053 686 
85.157 85,3;2 2 10 69 81.8;-7 83,5;-2 
98.2:6 95,431 8 52 403 92,8;-6 94,5;-1 
108 3;5 105 23 190 830 103 105 5:0 
102 1419 832 ees 
99,1;8 96,333 i 7 41 91,9;-8 93.6;-3 
3:6 17 106 817 113 9; ~6 115 .6;-1 
1019,1;9 107,3:4 1 5 25 10; 10;-9 103.7; -4 
1110,2;8 117,4;3 5 24 180 112, 10;-8 
1210,3;7 127,52 12 70 677 123 10;-7 125 
1141,1;10 11g 3;5 1 4 17 114 ,41;-10 113.8;-5 
1244 ,2;9 128 4:4 4 19 112 2,11;-9 124,8;-4 
129 356 0 3 13 124 ,12;-11 123 .9;~6 
©003,4 0 +0.5 +1 2,004,3 
44 0:4 1,4;-3 8 10 2 40.4;-4 44433 
54,133 1,5;—4 24 14 1 51,4;-3 55,1:4 
64,2;2 61.6;-5 42 9 0 62.4;-2 66,155 
74,331 1,7;-6 51 2 0 73,4;—1 77,1:6 
84.4;0 1,8;-7 48 1 0 84.4:0 83.137 
94.5;-1 1,9;-8 35 1 0 95.431 99 1:8 
104 6;-2 10; 10;-9 22 0 0 106 4;2 1010,1;9 
1147;-3 1,11;—10 12 0 0 117,4;3 1ii.1;10 
4,8;—4 125 12;-11 7 0 0 128 4:4 12,1;11 
55,0;5 52,4;-2 7 17 7 So.s;-5 54,2:2 
65.1:4 62.5;-3 27 39 4 65,2:3 
75,2:3 72,6;-4 62 44 1 72.5;-3 76,2:4 
85 3:2 2,7;—-5 106 28 0 83\5;-2 87.2:5 
95.431 92 142 13 0 9415;-1 98 2:6 
105 5:0 102 154 5 0 105 5:0 109 2:7 
115 6;-1 119 10;-8 137 3 0 116.5; 1110,2:8 
125.7;-2 2,11;—-9 102 1 0 127\5;2 211,2:9 
66,0;6 3,4;—1 4 16 14 60;6; -6 64,351 
76,135 3,5;—-2 19 53 15 71.6;-5 75\3;2 
86,2:4 83.6;-3 50 88 5 82.6;-4 86,353 
96.3:3 93.7;-4 102 88 2 93.6;-3 97.3:4 
106 4:2 103 170 56 1 104 6;-2 10g 3.5 
116 5:1 13\9;-6 240 27 0 115 19 3:6 
126 6:0 123 10;-7 289 12 0 126 1230,3;7 
77,0;7 74,4:0 3 13 19 70,7;-7 74,4:0 
87.1:6 84.5;-1 12 51 30 81.7;-6 85.4:1 
94,6;-2 34 108 17 96.452 
107 3.4 104 74 152 5 103 107 4:3 
127 5.2 124 223 93 1 125.7 129 4-5 


1 
i. 2 10 20 
8 41 46 91,8;-7 95,530 
23 102 39 1065.1 

1157-2 51 179 15 115's:-5 117'5:2 

| 
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TABLE VII.—Continued. 
Sub-branch K Sub-branch 
©°03,4 0 +0.5 +1 204,3 2004,3 
99.0;9 96,452 1 7 19 90,9; -9 94.6;-2 
106'5.1 6 32 56 
119 9:7 116.6;0 17 84 67 116.6;0 
1010,0;10 107 4:3 1 5 17 109,10; -10 104.7;~3 
1110,1;9 1175.9 5 24 59 1,10;—9 115 
1210,2:8 1276.1 12 66 93 12 10;-8 26,7; 
4.4 1 4 14 
211.1510 128 4 19 57 121.41;-10 125 
1212,0;12 129 4:5 0 3 12 129,12;-12 124.9;-5 
R3,2 ¥1 +0.5 0 +0.5 +1 3 aeP23 
20,2;-2 33.033 75 215 138 22.0;2 30,3, -3 
30,3;-3 43 294 313 51 33.0;3 41.3;-2 
40.4; -4 53,21 528 176 17 44 0:4 52,3;-1 
50,5, —5 63.3.0 558 79 9 55.0:5 63.3:0 
60,6; 73.4;-1 418 41 5 66.0:6 74,351 
70,7;-7 83.5; 263 26 4 77.0:7 85.3:2 
80.8;-8 93.6;-3 159 19 3 83.0:8 96,333 
90,9; -9 103.7;~4 102 14 2 99.0;9 107 3.4 
109,10;-10 70 it 2 1010,0;10 I1g 3.5 
23,9;-6 53 9 1 11,0;11 129 3.6 
1,2;-1 44.0; 24 146 272 32.431 40,4; -4 
1,3;—2 54.133 122 538 212 43.1;2 51,4;-3 
51,4;-3 64,2:2 377 665 76 54.1;3 62.4;-2 
1,5;—4 74,351 803 409 34 65,154 73,4;-1 
1,6;—5 84,4;0 1171 206 21 76.1;5 84.4:0 
81.7;-6 94,5;-1 1200 115 15 87.156 
91.8;-7 104.6; -2 938 76 11 98.437 106 4:2 
10; 14.7;~3 631 57 9 109 4:8 117 4:3 
4220 55,035 1 70 262 42.2.0 50,5:—5 
52,3;-1 65.4:4 46 359 464 53,211 
75.2:3 142 894 220 64 2:2 72.5: 
82.6;-4 95.431 793 675 52 86,2:4 
92.7;-5 105 5.0 1395 365 36 979 5 105 5.0 
109 115 1869 215 27 10 > 6 16.531 
11) 125,7;~2 1887 148 21 Ilo 9 27,532 
53,231 66,0; 7 39 184 52.3;-1 0,6; -6 
63.3:0 27 187 624 63.3:0 71.6;-5 
73.4;-1 86,2:4 69 610 487 74.331 82.6;-4 
93.6;-3 106 4:2 336 1426 108 96,3;3 104 6; -2 
103 7.4 1605:1 684 963 71 107 3:4 115 
1 126.6:0 1276 548 53 1 Ig 3:5 1266 0 
64,2:2 77.0;7 5 27 119 62.4;-2 70,7;-7 
87.1:6 19 110 574 73.4:-1 81.7:-6 
84.4:0 97,2:5 46 338 816 84.4:0 92.7;-5 
9415;-1 107 3.4 94 887 435 95 103 7.4 
104 117 4.3 176 1662 205 106 4:2 114 7,-3 
1275.2 321 1825 126 117 433 1257 
75.2:3 83.0;8 4 21 81 72,5;-3 0.8; 
85.3:2 98.457 15 78 424 83.5;-2 9118;-7 
95.431 10 2:6 36 206 995 94.5;-1 107 
105 5.0 11g 3.5 69 514 790 105 5.0 113 g._5 
128 4:4 121 1183 381 116 5.4 124.8 —4 
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TABLE VII.—Continued. 
Sub-branch K Sub-branch 
86,2;4 99,0;9 4 18 60 82.6;-4 90,9; -9 
96,353 109 1;8 13 62 292 93.6;-3 10; 
97,2;5 1010,0;10 3 15 48 92.7;-5 109,10; -10 
108,2:6 3 13 41 109.8; -6 
1211,1;10 9 45 158 121,11;-10 
1212,0;12 2 12 36 112,9;-7 129,12;-12 
R3,2 ¢.0P3,2 +1 +0.5 0 +0.5 +1 4.0R2,3 a0P23 
1,3;-2 4,133 10 21 13 33,1;2 44 
1,4;-3 54,2;2 31 38 12 444533 52,4;-2 
4,351 56 39 8 55,1:4 3,4;-1 
1,6;—5 74,4:0 73 32 5 66,1;5 74,4;0 
1,7;-6 84,5;-1 80 24 4 77,136 85.451 
1,8;-7 94,6;-2 77 18 3 96,4;2 
1,9;-8 104 68 14 2 9,1;8 107 4:3 
10; 10;-9 58 11 2 1010,1;9 11g 4:4 
1,11;-10 49 9 1 129 4:5 
49 3;-1 55,134 9 31 32 43.231 S1.5;-4 
2,4;-2 65,2;3 33 79 39 54,2;2 62,5;-3 
62\5;-3 75,332 73 108 30 5,233 73,5;-2 
72.6;-4 5,431 124 108 21 6,234 84,5;-1 
\ 2.7;-5 95.5:0 172 91 15 872:5 5,5:0 
2,8;-6 105.6; -1 205 72 11 98 2:6 106.5:1 
102.9;~7 5,7;—2 216 56 9 109 2:7 117 5.2 
112 5,8;—3 209 45 7 110,2;8 8,5;3 
3,350 6.155 7 30 46 3,330 61.6;-5 
3,4;—1 76,2;4 25 92 76 64,351 
73,5;-2 6.3:3 60 163 67 75,3;2 83.6;-3 
3,6;-3 6.452 115 202 50 6.333 94.6;-2 
3,.7;—4 106 15:1 187 199 36 97.3:4 105 
103 116.6:0 267 171 27 103 3:5 6,6;0 
113 126.7--1 337 139 Zz 119 3:6 127 6-1 
4,331 77,136 5 25 53 63.4;-1 71,7;-6 
74,4:0 87.2:5 19 86 110 4,4;0 2,7;—-5 
84.5;-1 46 177 118 5,431 93.7;-4 
4,6;—2 107 4:3 89 268 94 6,4;2 1047; 
10,4 1;-3 117\5.9 154 316 70 107 4:3 115 
127 6.4 241 309 53 11g 4:4 
5,332 8,1;7 4 21 53 3,5;-2 81,8;-7 
85.4:1 8,2;6 15 73 134 4,5;-1 2,8; 
5,5;0 103 3.5 35 163 173 95\5:0 103.3; 
105 6;-1 11g 4.4 69 281 155 1065-1 
11; 7;-2 123 5 3 119 390 120 1 7,532 
: 86,3:3 9,1;8 4 18 49 83.6;-3 1,9;-8 
96.432 109 2.7 13 61 143 4,6;—2 10, 9;-7 
116 6:0 129 4:5 54 258 224 116.6;0 124.9;-5 
7,334 10;9,1;9 3 15 44 3,7;—4 10; 10;-9 
107'4:3 1149.2:8 11 52 140 104'7;-3 
117,\5:2 1240,3;7 24 119 249 115 123 10;-7 
10g 3:5 3 13 40 103 114 44;-10 
11g 1233 ,2:9 9 45 131 129 41;-9 
119 3.6 1252,1;11 2 12 36 113.9; 12) .42;-11 
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Sub-branch K Sub-branch 
R3,4 ¢¢P3,4 0 +0.5 +1 
33,0;3 0,4;—4 28 18 2 30,3;-3 44.0;4 
43.1;2 50,5;—5 78 17 0 41 55,0;5 
63.3.0 70,7;-7 96 3 0 63.3:0 77,037 
73.4;-1 80,8;-8 65 2 0 74.331 83 0:8 
83.5;-2 90,0; -9 39 1 0 9,0;9 
93.6;-3 109,10; —10 23 1 0 96,3:3 1040,0;10 
103 -4 14 1 0 107 3:4 
113.g:-5 129 .42,-12 9 0 0 11g 3.5 1212,0;12 
44.0;4 51,4;-3 11 31 7 40,4;-4 54,1;3 
54,1;3 1,5;—4 58 62 3 51,4;-3 65,1;4 
64,2;2 1,6;—5 152 51 1 62,4;-2 76,135 
74,331 81,7;-6 252 25 0 73,4;-1 87.156 
84.4:0 91,8;-7 290 11 0 84.4;0 98.137 
94,5;-1 10; 9;-8 250 6 0 95,431 109,1;8 
104,6;-2 1110;—9 175 4 0 106 1119,1;9 
124 41;-10 109 3 0 
55,0;5 62.4;-2 3 21 15 0;5;—5 64,2;2 
72,5;-3 17 83 12 75,2;3 
75,2;3 82 65 124 4 72,5;-3 86,2:4 
92.7;-5 173 96 1 83.5;-2 97 2:5 
95.431 102g. 335 50 1 945;-1 108 2.6 
105 5:0 477 23 0 105 5:0 119 2.7 
115 12) 10;—8 517 13 0 16.51 1210,2;8 
66.0;6 73,4;-1 1 9 21 60,6; -6 74,331 
76,155 83,5;-2 5 59 28 71,6;-5 85,352 
86.254 93,6;-3 20 151 12 82.6;-4 96,3;3 
96,353 103.7; -4 60 198 4 93,6;-3 107 3:4 
Hees 329 81 1 
77,0;7 84.4:0 0 4 20 70,7;-7 84,4;0 
87.156 9415;-1 2 26 46 81.7;-6 95.431 
97.25 104 6;~2 8 107 31 106 4:2 
107 3:4 1147,-3 22 230 11 103 117 4:3 
117 453 124 55 282 4 114.7,-3 128 4:4 
83.0;8 5,431 0 2 15 80,8;-8 94,5;-1 
98.137 105\5;0 1 12 56 91.8;-7 105,5:0 
125,7;~2 11 165 27 113.g;-5 127,5:2 
99.0;9 106 0 1 10 90.9;-9 1046; -2 
109 1.8 116 5:4 1 6 53 10; 9:—8 
119 9.7 126.6:0 3 25 87 119 126 6:0 
1010,0;10 117 0 1 5 109.10;-10 114.7;-3 
1110,1;0 127\5;2 1 4 41 11.10;-9 
128 4:4 0 0 3 124.8;-4 
¢.0P3,4 +0.5 0 +0.5 +1 1.0 P4,3 
44453 54,5;-4 2 1 0 41 .4;-3 55,1;4 
54,2;2 1,6;—5 5 2 0 52,4; -2 66,1;5 
64.331 71,7;-6 8 2 0 63.4;-1 77,136 
74,4:0 81.8;-7 11 1 0 74,4:0 
84.5;-1 91 .9;-8 12 1 0 85.41 99.1;8 
94,6;-2 10; 10;-9 11 1 0 96.4;2 1010,1;9 
104 11;-10 9 1 0 107 4:3 
8 0 0 11g 4:4 
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TABLE VII.—Continued. 
Sub-branch K Sub-branch 
+1 +05 0 +05 +1 
65 «. 1 2 0 5 6 
5,134 2,5;—-3 1,5;—4 5,233 
65,2:3 72,6;—4 6 5 0 2,5;—3 76,2:4 
75,3;2 14 6 0 73,5;—2 
85.4:1 23 6 0 84.5;-1 98 2:6 
95 \5:0 109 9,—7 32 4 0 95\5:0 109 2.7 
105 6;-1 119 36 3 0 106.5:1 1110,2;8 
115 7;-2 129.41;-9 37 3 0 117,5;2 1241 
66,1;5 73,5;-2 1 2 1 61.6;-5 75,3;2 
76,2:4 83.6;-3 4 8 1 2.6;—4 86,3;3 
86.3;3 93.7;-4 11 13 1 83.6;-3 97 3:4 
6.432 103.3, -5 23 14 1 4,6;—2 10g 3:5 
1139.6 39 13 0 105 119 3:6 
123 10; -7 56 10 0 116.60 1210,3;7 
77,136 84.5;-1 0 2 2 71,7;-6 85.431 
7,235 94,6;-2 2 8 3 82.7;-5 96,4;2 
97 3:4 104,7;-3 7 17 2 3,7;—4 107 4.3 
107 4.3 16 24 1 104 11g 4:4 
12, 9;-5 32 25 1 115 125 435 
951530 0 1 2 81.8;-7 95\5:0 
8,2;6 105.6; -1 1 6 4 9218;-6 106.531 
10g 335 115 4 17 4 103 11, 5:2 
4:4 125 10 29 3 12. 5;3 
' 10 0 1 2 9 10 
9,1;8 6.531 1,9;-8 5,6;—1 
109 9.7 116,6:0 1 5 5 102 9; 116.6;0 
119 3:6 126 3 14 7 113 12, 6:1 
1010,1;9 0 1 2 10; 10;-9 115 
1110,2;8 127 6:1 1 3 6 126.7;-1 
1144,1;10 0 0 2 41;-10 1253.3 
B. 6 sub-branches. 
33.0;3 0,3;-3 138 297 138 30,3;-3 3,0;3 
40.4;-4 445 319 41 1,3;—2 4,0;4 
53,231 50,5;—5 674 158 13 2,3;—-1 5,0;5 
63,30 0,6; -6 640 67 6 3,330 6.036 
73,4;-1 70,7;-7 450 33 4 74,351 7,0;7 
80,8; -8 273 21 3 853:2 8,0;8 
93,6;-3 90,9;-9 162 15 2 6,333 99,0;9 
103 109,10; -10 101 11 1 107,3;4 1010,0;10 
Wo41;-11 69 9 1 3-5 1141 ,0;11 
123.9;-6 129,12;-12 52 7 1 129 3:6 1212,0;12 
44.054 41,3;-2 41 319 445 40,4;-4 43,152 
54,153 51,4;-3 230 846 230 51,4;-3 54,1;3 
64,2;2 61,5;-4 684 793 70 62.4; -2 65.154 
4,3;1 71,6;-5 1287 422 29 73,4;-1 76,135 
84.4:0 81,7;-6 1640 197 17 84.4;0 87.156 
104 6;-2 10; 1105 67 8 1064.2 109 1:8 1 
1147;-3 111 10;-9 713 49 6 117,4;3 1110,1;9 1 
124\8;-4 124.11;-10 449 38 5 128 4:4 1211,1;10 
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11,1;10 


1242.0;12 


Sub-branch 
+0.5 93,3 “03,3 
640 0.6; —6 63,350 
1287 1,6;—5 74,331 
681 2,6;—4 85,332 
245 93,6;—3 96,333 
112 104 6;-—2 107 3.4 
69 115 6;-1 3.5 
48 26.6;0 129,3:6 
450 0,7;-7 73,4;-1 
1640 81.7;-6 84,4;0 
1444 
592 
244 iis 
136 
273 80,8; -8 83,5; -2 
2306 102 105 5:0 
512 1275.2 
162 90,9; ~9 93 6; = 
1105 
2749 115 6;-1 
2337 3,9;-6 126,6;-0 
101 100,10;-10 103,7;-4 
713 1,10; —9 114 
2519 2,10; —8 125.7;-2 
1 69 
5 449 1,11;-10 124,8;-4 
52 129,12;-12 123.9;-6 
+0.5 
10 44,4;-3 44.133 
9 52,4;-2 55,154 
6 63,4;-1 66,1;5 
4 74,430 77,1;6 
3 85.4;1 83.157 
96,432 99,138 
107,4;3 1010,1;9 
1 
1 129 4;5 
34 51,5;-4 54,2;2 
36 62,5;-3 65,2;3 
25 73,5;-2 76,2;4 
16 84.5;-1 87,255 
11 95,530 98,2;6 
106.5 1 109,237 
7,532 10,2;8 
5 128 211,2;9 
58 61.6;-5 64,351 
84 72.6;-4 75,3;2 
67 83.6;-3 86,,3;3 
45 94.6;-2 
31 
22 116,6:0 119.356 
16 127,6;1 1210,3;7 


Sub-branch — 
3,3 
96,0;6 63,3;0 
76,135 73,4;-1 2 
86.254 83,5; 9 
96,353 93,6;-3 24 
106,4;2 103,7;-4 59 
127 
77,0;7 74.351 
87,156 84.4:0 1 
97.235 94,5;-1 4 
107,354 11 
117,4;3 114.7;-3 24 
127,552 124.8;-4 51 
83.0;8 85 3:2 
938.157 95,431 
108 2:6 105.5:0 3 
113 115 .6;-1 6 
128 4:4 125,7;-2 13 
99.0;9 96,3:3 
109 4:8 106 4:2 
1199.7 2 
129 3:6 126.6:0 4 
1010,0;10 107 3:4 
1110,1;9 117 
1210,2:8 127 5:2 
128 4,4 
129 3:6 
6.0Q3,3 6.003,3 ( 
44.1;3 41.4;-3 1 
54,232 51,5;-4 3 
64 61.6;-5 5 
74.4:0 71,7;-6 7 
84.5;-1 81.8;-7 8 
94,6;-2 91 7 
104.7; -3 10; 10;-9 6 
11) 11;-10 5 
124 42;-11 4 
55,134 52,4;-2 
65 2:3 62\5;-3 3 
75 72.6;—4 8 
85.431 82.7;-5 14 
95.5:0 19 
105 6;-4 10) 9;~7 23 
125 12) 22 
66,1;5 63.4;-1 
76,2; 73,5;-2 
86,3;3 83.6;—3 6 
96,452 93.7;-4 13 
106 103 22 
116 6:0 113 9,6 32 
126.7;-4 123 10; 41 
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Sub-branch K Sub-branch 
6003.3 ¥1 +05 0 405 41 03,3 
77,136 74,450 4 26 76 1,7;-6 74,4;0 
87,2;5 84.5;-1 16 102 144 82.7;-5 
97,334 94,6;-2 45 221 136 93.7;-4 96,432 
83.1;7 85,451 3 19 82 81,8;-7 84,5;-1 
98,256 95,550 11 83 199 92.8;-6 95,5;0 
99.1;8 96,4;2 2 14 77 91,9;-8 94,6;-2 
129,4;5 26,7;-1 48 340 299 124.0;-5 27,651 
1010,1;9 107,4;3 1 11 68 10; 10;-9 104,7;-3 
1110,2;8 117,5;2 6 48 241 11) 10;-8 115 
11i1,1;10 1 9 58 111 ,11;-10 114.8;-4 
1211,2;9 128 5 38 228 2,11;-9 125,8;-3 
129 1 7 48 12).42;-11 124.9;-5 
b.0R3,3 b.eP33 +1 0 +0.5 +1 b60R3,3 P33 
33,152 0.4;-4 38 41 13 31,3;-2 44,.0:4 
3,2:1 50,5;-5 111 62 12 55,0;5 
53,3:0 60,6; -6 175 59 9 53,3:0 66,0;6 
63,4;-1 70,7;-7 206 50 7 64.3.1 77,037 
73,5;-2 80,8;-8 209 42 6 75.3:2 83.0;8 
83.6;-3 0,9;-9 195 35 5 86,333 99.0;9 
93.7;-4 109,10; -10 177 30 4 97 3:4 1010,0;10 
158 27 4 10g 3:5 
113 9;-6 129 12; -12 142 24 3 9,336 1242,0;12 
1 
1,4;-3 14 63 41 1,4;-3 54,133 
54,2;2 1,5;—4 77 149 44 52,4;-2 
64.351 1,6;—5 209 182 34 63,4;-1 76,135 
74,4:0 81.7;-6 370 170 26 4,430 87.156 
84\5;-1 91.8;-7 493 146 20 5,431 93.437 1 
4,6;—2 10; 9,-g 549 122 17 6,432 109 1:8 1 
1 4,7;-3 11; 10 -9 550 104 14 107 4.3 
121 41;-10 519 90 12 11g 4:4 
55,1;4 69.4;-2 3 43 71 54,5;-4 64,2;2 
65 2:3 72,5;-3 23 175 97 62\5;—3 5,2;3 1 
75,3;2 87 305 80 3,5;—-2 6,2;4 
85.431 234 347 61 4,5;—1 7,255 
95 10) 3.6 466 324 47 95\5:0 103 2:6 1 
105 6 a | 11, 9;-7 715 279 38 106 531 119\9.7 1 
11s 7;~2 12 10;-8 896 237 32 1175.2 1240,2;8 
1( 
: 1 19 87 6 
6,155 3,4;-1 1,6;—5 4,3:1 1 
6,2:4 3,5;—2 7 118 162 72,6;—-4 5,332 
6,333 93.6:-3 26 321 153 3,6;—-3 6,333 11 
6,432 103 80 495 119 4,6;—2 1073-4 
10, 5;1 208 547 91 11g 3.5 = 
116.6:0 12, 9;-6 446 511 73 116.6;0 129 3-6 
77,136 4,450 1 7 82 71,7;-6 84.450 
7,235 4,5;-1 3 55 218 95.451 
9, 334 104 6;-2 11 218 247 93 106 
107 4.3 11, 7;-3 29 492 205 104 7;-3 117,4.3 
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Sub-branch 


Sub-branch K 

6.0R3,3 €P3,3 +0.5 0 +0.5 +1 be P3,3 
83.137 95,431 0 4 62 81.8;-7 94,5;-1 
98,2:6 105 5:0 2 24 241 92,8; -6 105 
6 108 346 Te 
99,138 106,452 0 2 38 91,9;-8 104 ,6;-2 
1010,1;9 117,4;3 0 22 10; 10; -9 114,7;-3 
1110,2;8 127,52 7 165 125.7; -2 
128 4:4 0 12 111,11;-10 124\8;-4 
b€R3,5 b0P3.5 ¥1 0 +0.5 +1 beR53 3 
44.0:4 54.5;-4 2 2 0 4o4;-4 55.4:4 
54.133 61,6;-5 6 3 0 54.4;-3 66.1;5 
71,7;-6 11 2 0 62.4;-2 77,156 
74,331 81.8; -7 13 1 0 73.4;-1 
84.4:0 1,9;-8 12 0 0 84.4:0 
9415;-1 10; 10;-9 9 0 0 95431 10;0,1;9 
104.6;—2 1,11;-10 5 0 0 106 4;2 
114.7;-3 1,12;—11 3 0 0 12524511 
55,0;5 62,5;-3 2 4 2 50,5;-5 65,2;3 
65.134 72.6;—4 8 9 1 61.5;-4 76,2:4 
75,2:3 82.7;-5 18 10 0 72,5;-3 87 2:5 
853;2 92.8:-6 30 6 0 83.5;-2 98 2:6 
95.431 109 9; —7 40 3 0 94.5;-1 109 9:7 
105 112 10;-8 43 1 0 105\5:0 1110,2:8 
115 37 1 0 211,259 
66,0:6 73,5;-2 1 5 4 60,6; —6 75,352 
76,1:5 83.6;-3 5 15 4 71,6;-5 86,3;3 
86,2:4 93.7;-4 15 24 1 97 3:4 
96,3:3 103 31 23 0 93.6;-3 10g 3:5 
106 4;2 113 52 14 0 104.6; -2 3.6 
123 10;-7 73 6 0 115 1210,3;7 
77,037 84.5;-1 1 4 6 70,7;-7 85.431 
87.156 94,6;-2 3 16 9 81.7;-6 96,452 
97235 104,7;-3 9 33 4 92.7;-5 107 4:3 
107 3:4 22 44 1 103.7; -4 1g 4:4 
117 4.3 124.9; 42 39 0 114.7;-3 29,4:5 
83 0:8 95\5:0 0 3 7 80,8; -8 95.5:0 
98457 105 6;-1 2 13 15 91.8;-7 106 5:4 
108 9:6 115 7;-2 6 33 11 102.8: -6 117\5.2 
99.0;9 106.531 0 2 8 90,9; -9 105 6;-1 
109 1:8 116.6:0 1 9 21 10;'9;-8 116 6:0 
119 9:7 126,7;-1 4 28 22 11).9;-7 127631 
1010,0;10 0 1 7 109.10; -10 115 
127 6:1 1 7 24 1,10;—9 26,7;-1 
128 5.3 0 1 6 Vo41;-11 125 
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A number of colloid materials—proteins, plastics, and the like—have been coated in sheet 
form and “fibered” internally by stretching to 100 percent or more elongation. Circular disks 
were cut from the fibered sheets, and their degree of orientation measured in an (alternating) 
electric field. Account is given of the relation of the orientation measured to field strength, 
thickness, humidity, and moisture content. It was observed that induced electrical anisotropy 
is not shown by all kinds of natural and synthetic colloids; thus it is not shown by organophile 
xerogels, but only by the hydrophile ones. With most of these the electrical response depends 
upon the relative humidity and the absorbed water content, but with polyvinyl alcohol the 


effect was independent of the absorbed water. 


INTRODUCTION 


T is well known that elongated particles in an 
electric field, if free to rotate, become oriented 
with their long axes parallel to the electric force. 
H. J. Woods! observed that wool cells exhibit the 
effect in high degree, being about 100y in length, 
and only a few microns thick. When suspended in 
water they are readily pulled into alignment by 
an alternating field—used in place of a direct 
field to prevent drift of the cells. 

Woods made the further observation that 
circular pieces, cylinders, or disks, of finger nail 
and of cow’s horn, when suspended horizontally 
by a silk thread in an alternating field, tended to 
orient so that the direction of the protein chain 
was parallel to the electric force. Randomly 
oriented films of myosin and of denatured pro- 
teins showed no such electrical anistropy unless 
previously stretched. Such orientation was ex- 
plained as due to a difference of dielectric con- 
stant for fields parallel and perpendicular, re- 
spectively, to the protein chains. However, the 
orienting effect caused by internal anisotropy 
was much less than that dependent on external 
shape. If the eccentricity exceeded about 0.4, the 
effect of fiber orientation could no longer be 
detected. 

It appeared to us that the electrical orientation 
of disks might furnish interesting information on 


* Communication No. 970 from the Kodak Research 
Laboratories. 
! H. J. Woods, Proc. Roy. Soc. London A166, 76 (1938). 


the direction and extent of molecular or micellar 
orientation, and we decided to apply it to various 
proteins, cellulose derivatives, and synthetic 
resins. Conversely, it appeared possible, from 
previous observations? on the influence of mo- 
lecular or micellar orientation in cellulosic films 
upon static electrification, that the production of 
temporary electrets might throw light upon this 
problem also. 


APPARATUS AND OPERATIONS 


The sheet material was usually prepared in the 
form of disks 1.50 cm in diameter, but in some 
cases (for investigating the form factor) as ob- 
long rectangles 1.50 cm long and 0.25 cm wide. 
In measurements they were suspended from a 
torsion head by a pure nickel wire 50.5 cm long 
and 0.00432 cm in diameter (cf. Fig. 1). The 
specimens were not attached directly to the wire, 
but to an intermediate short length of glass rod 
surmounted by a mirror 0.5 cm square which, 
in turn, was cemented to the wire. The section 
of glass rod prevents arcing between the elec- 
trodes and the wire. The electrodes consisted of 
pieces of brass rod 1.905 cm in diameter mounted 
2 cm apart in Bakelite blocks. The image of a 
single-wire filament lamp was reflected from the 
small mirror and focused on the circular scale to 
permit measurement of the electric orientation. 
The measurement consisted in determining the 


2 Unpublished observations of J. G. McNally of these 
Laboratories. 
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rotation of the torsion head necessary to bring 
the image of the lamp filament back to its zero 
position prior to application of the electric field. 

The entire suspension, excluding the torsion 
head itself, was enclosed in a glass case firmly 
closed in front by a glass door. This eliminated 
disturbance by air currents and allowed control 
of humidity and temperature. The torsion wire 
extended through a very small hole drilled in the 
top of the enclosure. 


RELEVANT QUANTITATIVE FACTORS 


The voltage applied could be varied from 0 to 
25,000 volts a.c. by the use of a transformer and 
a Variac (General Radio Company). The couple 
G required to twist the wire through an angle ¢ 
is given by the equation 


G=na'‘g/2I, (1) 


where a=radius of wire in cm, /=length of wire 
in cm, and n=rigidity of wire in dynes per cm?. 
The rigidity » was determined by measuring the 
period of oscillation of a thin brass disk having 
about the same weight as that of the suspended 
system actually used, viz., 0.6 gram, and attached 
to the end of the wire. The value obtained was 
6.44.10" dynes per cm’, whence the calculated 
value of G is 0.439 dyne per radian. 


Fic. 1. Apparatus for determining the electrical anisotropy. 


10 


0.2 0.4 
THICKNESS IN 


Fic. 2. Effect of thickness of specimen (cellulose 
acetate, 40 percent acetyl) on electrical anisotropy. 


20 


—_ 


5 
(vorts /cm)* 


Fic. 3. Relation of E. A. to applied potential for hie 
alcohol and a polyvinyl (butal) (Vinylite X). 


The electrical anisotropy, measured as ¢, the 
angle of rotation, is expressible in reduced meas- 
ure per unit volume as follows: It is a volume or 
mass property, proportional, therefore, to the 
thickness ¢ of the specimen, as shown in Fig. 2. 
Further, the flux density of electrification will be 
proportional to V*, where V is the applied 
potential difference between the electrodes,’ ex- 
perimentally demonstrated in Fig. 3. With cir- 
cular, i.e., cylindrical reactors, there would be 
no electrical response for isotropic material. 
Otherwise, we have an axis of anisotropy, and 
the electrical response will be a function of the 
angle @ between this axis and that of the applied 
field. Functionally, then, ¢ is proportional to 
sin @ cos 6, that is, to sin 26. By setting @ at 45°, 
this factor becomes unity, and may be omitted. 
In our case, the anisotropy was enforced by 


§Cf. J. S. Donal, Jr., and D. B. Langmuir, Proc. I. R. 
E. 31, 208 (1943). 
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Taste I. Electrical anisotropy of various colloids in disk form. 


Percent 
water 
absorption Percent Hydroxyl E. A. Bire- X-ray 
at 50% elon- content ¢/V*t at fringence evidence of 
Material gation percent 50% R. H. orientation 
Polyvinyl alcohol 6.7 250 38.6 195-1076 2350-1075 Yes 
latin 16.0 200 141 293 Yes 
Cellulose acetate, 24.5% acetyl 8.1 100 14.8 23 1200 Yes 
Polyvinyl acetal 3.8 350 6.4 10 544 Yes 
Hydrolyzed polyvinyl acetate 2.5 550 5.5 9 12* No 
Vinylite X 1.9 220 a 8 1120 Yes 
Cellulose acetate, 40% acetyl 3.5 100 3.2 0 460 Yes 
Cellulose nitrate 1.5 100 4.7 0 364 Yes 
Polyvinyl acetate, R. H. 361 1.0 250 0 0 iw No 
Polyvinyl acetal 2.4 250 3.0 0 1250 Yes 
Polystyrene 0.03 300 0 0 12* No 


* Maximum index 


y is perpendicular to plane of the sheet in these cases. See J. Spence, J. Phys. Chem. 43, 865 (1939); 45, 401 (1941). 


** Calculated on the assumption of one hydroxyl group to one divinylbutal group. 
Note: Dependence of E. A. and the electrical conductance on water content is noted in the text. 


stretching the original samples; on cutting out 
circular disks, the axis of anisotropy was parallel 
to the direction of (pre-)stretching. This con- 
clusion, and the presence of anisotropy produced 
by stretching were confirmed by measurement of 
the optical birefringence (for material sufficiently 
transparent) and by x-ray diffraction investiga- 
tion. Confirmation of the @«sin 26 relation is 
afforded by the results shown in Fig. 4. In our 
experiments, however, @ was generally set at 45°, 
when sin 2@=1 and does not appear in the 
expression. 


OPERATING CONTROLS 


The materials tested (cf. Table I) were usually 
coated from solution in sheet form on glass, and 


a26 050 O75 100 
SIN 20 


Fic. 4. Relation of E. A. to sin 20. 


after drying and stripping were stretched under 
conditions giving high internal orientation, as 
indicated by birefringence, x-ray diffraction, and 
practically complete elastic recovery at or near 


the initial (high) temperature and contents of 
water and solvent. Certain particulars of this 
are discussed later. 

Relative humidity inside the apparatus cham- 
ber was adjusted by solutions of sulfuric acid of 
suitable concentration.‘ Measurements of elec- 
trical conductivity of certain materials were 
made by the procedure described by Sheppard, 
Houck, and Dittmar.’ Measurements of optical 
birefringence and examination of x-ray diffrac- 
tion were made on practically all of the sheet 
materials. 


EXPERIMENTAL RESULTS 


The relative magnitude of the electrical ani- 
sotropy can be expressed by the quantity ¢/ Vt 
(disposing of @ as previously noticed). A more 
explicit measure, involving the torque or couple 
G corresponding to the angle @ [cf. Eq. (1) ] in 
dynes per radian, and other factors is under 
consideration. 

Table I lists a number of materials in descend- 
ing order of the relative E. A. Also given are 
such factors as the percentage elongation, the 
hydroxyl content of the molecule, where known, 
the actual water content at 50 percent relative 
humidity, etc. 

It is apparent from the table that the property 
of induced electrical anisotropy—induced by 
stretching—is not shown by all kinds of natural 
and synthetic colloids, but is limited (a) to 
~ 4R.E. Wilson, Ind. Eng. Chem. 13, 326 (1921). 


5S, E. Sheppard, R. C. Houck, and C. Dittmar, J. Phys. 
Chem. 44, 185 (1940). 
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Los (Ae 10°) 


20 30 40 
% MOISTURE CONTENT 


Fic. 5. Relation of E. A. to moisture content for: 1. Poly- 
— 2. Gelatin, 3. Cellulose acetate (24.5 percent 
acetyl). 


those containing an appreciable amount of fixed 
hydroxyl and/or absorbed water, and (b) those 
capable of absorbing considerable water. A further 
differentiation is noted in Table II and Fig. 5. 


TABLE II. Dependence of electrical anisotropy and con- 
uctivity on water adsorption. 


Electrical Electrical 
Material anisotropy conductivity 
Polyvinyl alcohol No Yes 
Gelatin Yes Yes’ 
Cellulose acetate, 24.5% acetyl Yes - Yes 


INFLUENCE OF HUMIDITY AND 
ABSORBED WATER 


It will be seen that whereas with gelatin and 
hydrolyzed cellulose acetate, the E. A. varies 
sharply with absorbed water content, in the case 
of polyvinyl alcohol it is independent of the 
water content, although this material strongly 
absorbs water—becoming indeed soluble therein. 

Although the E. A. of polyvinyl alcohol is 
independent of absorbed water, its electrical 
conductance is dependent. Within certain limits, 
the logarithm of the conductance is a linear 
function of the logarithm of the water content 
(cf. Fig. 6). It had been previously observed by 
Sheppard, Houck, and Dittmar® that the loga- 
rithm of the conductance of gelatin is directly 
proportional to the water content. Combining 
this result with present observations, we find 
that the logarithm of the E. A. for gelatin varies 
linearly with the logarithm of the conductance 
(cf. Fig. 7). 


os Ke) 
LOG % WATER CONTENT 


LOG CONDUCTIVITY (mhos x 10) 


Fic. 6. Relation of conductance of polyvinyl alcohol to 
water content. 


DISCUSSION 


One principal result from this survey is that 
electrical anisotropy in colloids as xerogels® is 
limited to hydrophile or hydroxylated substances, 
which further have an axis of physical (struc- 
tural) anisotropy. It is not solely a matter of an 
(induced) structural anisotropy (with varying 
dielectric capacity along and across) as sug- 
gested by Woods.'! This is shown by the in- 
activity of the hydrophobe colloids, such as 
vinylite, polyvinyl acetate, etc. 

A further notable result is the contrast be- 


° 2 4 
L0G CONDUCTIVITY (mhos x10?) 


Fic. 7. Relation of log (E. A.) to long conductivity 
with gelatin. 


tween polyvinyl alcohol, on the one hand, and 
the hydrophile cellulose acetate and gelatin (and 
presumably cellulose and proteins in general). 


5’ Term used for dried colloid gels. Cf. S. E. Sheppard, 
Trans. Faraday Soc. 29, 77 (1933). 
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Whereas the former shows electrical anisotropy 
independent of moisture content (although hygro- 
scopic), the latter are only electrically anisotropic 
on taking up water, and increase proportionately. 
This indicates a preponderant role of —OH 
groups—in the case of polyvinyl alcohol, a pre- 
emptive role of the structural hydroxyls, which 
in the cellulosic and protein bodies, can be 
assumed by adsorbed water. 

It appears probable that the phenomenon is 
connected with the formation of oriented —OH 
or H-bridge chains. However, certain questions 
persist, e.g., why the —OH groups of cellulose 
cannot function per se but require adsorbed 
water. This may be a matter of spacing or 
contiguity. Next, why the effect with polyvinyl 
alcohol does not increase with adsorption of 
water. Perhaps this indicates a species of ‘‘satura- 
tion” already achieved by the molecular hy- 
droxyls. Before more explicit answers can be 


given, or a definite mechanism be proposed, it is 
desirable that more and fuller data be obtained. 
We are examining amylose’ and various protein 
substances, as well as specific modifications of 
polyvinyl alcohol and polyamides, and will report 
on these later. From the further experiments 
now planned it should be possible to indicate 
the mechanism of E. A. more clearly, and to 
relate it to the structure of these colloids. 
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7R.E. Rundle, L. Daasch, and D. French, J. Am. Chem. 
Soc. 66, 130 (1944). 
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Raman frequencies, relative intensities, and depolarization factors are reported for hexa-, 
chloroethane and hexabromoethane. The relative intensities and depolarization factors were 
obtained by use of a Gaertner microdensitometer. The fundamental frequencies of hexachloro- 
ethane were used to calculate force constants from the equations used by Stitt for ethane. The 
Raman data indicate that the equilibrium configuration for hexachloroethane is that cor- 
responding to the point group Dsg. The force constants so obtained were then used to calculate 
the values of the frequencies that are allowed by the selection rules in the infra-red spectrum. 
Selection rules for the fundamentals, binary combinations, overtones of non-degenerate fre- 
quencies, and overtones of degenerate frequencies up to the fourth overtone for any molecule 


, 
whose symmetry is D3,, Dn, or Dsa were worked out and are discussed. 


INTRODUCTION 


THANE-LIKE molecules are especially in- 
teresting in view of the many investiga- 
tions*-® of the ethane molecule during the last 
few years. These studies have been concerned 
particularly with the orientation of the methyl 
groups and the potential barrier restricting in- 
ternal rotation about the carbon-carbon single 
bond. Karweil and Schafer® concluded that the 
stable equilibrium configuration for ethane was 
that corresponding to the point group D3, but 
Stitt‘ in his paper on C,D¢ regarded the evidence 
for this conclusion as insufficient and decided 
after analyzing the data for both the symmetries 
D;, and Dg that the equilibrium configuration 
could not be reliably determined from the data 
then available for and C2Dg. 

It appeared that it might be interesting to ex- 
tend the above studies to include molecules of the 
ethane type, with larger atoms substituted for the 
hydrogen atoms. For such molecules the potential 
barrier restricting the internal rotation would be 

1 Presented at the Chicago meeting of the American 
Physical Society, November, 1942; Phys. Rev. 63, 64 
(1943). Communication No. 38 from the Spectroscopy 
Laboratory. 

* This paper is a report on an investigation carried out 
in partial fulfillment of the requirements for the degree of 
Master of Science by Mr. Dwight T. Hamilton whose 
present address is: Department of Physics, Denison Uni- 


versity, Granville, Ohio. 
(1949) H. Avery and C. F. Ellis, J. Chem. Phys. 10, 10 


‘F. Stitt, J. Chem. Phys. 7, 297 (1939). 

5B. L. Crawford, Jr., W. H. Avery, and J. W. Linnett, 
J. Chem. Phys. 6, 682 (1938). 

° J. Karweil and C. Schafer, Zeits. f. physik. Chemie B40, 
382 (1938). 


expected to be greater than in ethane and it could 
be expected that a more definite decision in 
regard to the equilibrium configuration might be 
obtained. 

The molecules chosen for this investigation 
were hexachloroethane and hexabromoethane. 
Raman frequencies, relative intensities, and 
depolarization factors were obtained (in solution) 
for these molecules. The more complete spectrum 
of hexachloroethane seems to indicate clearly 
that the equilibrium configuration for this mole- 
cule is D3, in agreement with the conclusion of 
Mizushima and Morino.’ Force constants were 
calculated for hexachloroethane, using the Raman 
fundamental frequencies, and the fundamental 
frequencies allowed in the infra-red spectrum by 
the selection rules were then obtained by use of 
these force constants. Considerable previous 
data’—” were available for hexachloroethane, but 
there was some uncertainty in regard to three of 
the frequencies, the depolarization data were 
incomplete, and the relative intensities were only 
visual estimates. Hexabromoethane had _ been 
investigated only once and the Raman fre- 
quencies and relative intensities obtained in that 

7S. Mizushima and Y. Morino, Sci. Papers Inst. Phys. 


Chem. Research (Tokyo) 29, 188 (1936). . 
8 A. Dadieu and K. W. F. Kohlrausch, Sitz. Akad. Wiss. 


- Wien [IIa] 138, 635 (1929). 


®P. Krishnamurti, Ind. J. Phys. 6, 309 (1931). 

10S. Bhagavantam and S. Venkateswaran, Proc. Roy. 
Soc. A127, 360 (1930). 

"1 F, Heidenreich, Zeits. f. Physik 97, 277 (1935). 
(1937) Ananthakrishnan, Proc. Ind. Acad. Sci. A5, 285 

13H. Gockel, Zeits. f. physik. Chemie B29, 79 (1935). 
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investigation are not in satisfactory agreement 
with those obtained in the present study. No 
previous polarization data seem to exist for this 
molecule. 


EXPERIMENTAL 


The spectrograms were obtained with appa- 
ratus previously described.*-'® The relative in- 
tensities and depolarization factors were obtained 
with the aid of a Gaertner microdensitometer, 
calibrated by methods described in recent 
papers.” Excitation was by Hg 4358A. 

Exposures of from ten to thirty-five hours were 
made for the following solutions : C,Cl¢ dissolved 
in carbon tetrachloride, chloroform, and carbon 
disulfide; C.Brg dissolved in dioxane, ethylene 
bromide, and ethyl bromide. The hexachloro- 
ethane and hexabromoethane were Eastman 
grade chemicals obtained from the Eastman 
Kodak Company. A portion of the solvent used 
in preparing each solution was used to obtain an 
exposure equal to that of the longest exposure 
made on the solution in order to be sure that no 
solvent lines were attributed to the hexachloro- 
ethane or hexabromoethane. 


RESULTS 


The results obtained for hexachloroethane are 
compared with the previous data in Table I. 


TABLE I. Comparison of the present Raman data for hexa- 
chloroethane with that of previous investigators.* 


Previous data Present results 
N e p Av I p 
3 144 1 r 162 vw P 
9 220 4 v | +223 450 0.80 
12 340 4 v | +340 370 0.86 
12 432 7 r | +431 1000 0.15 
1 673 0 
9 858 3 Vv 859 220 0.81 
3 978 1 975 33 0.35 


* N is the number of times the line has been observed previously in 
different investigations, Av is the Raman frequency in cm~', Je is the 

estimated relative intensity, J is the relative intensity obtained with 
the aid of the microdensitometer, r or v indicates right or left circularly 
polarized, respectively, p is the depolarization factor, P indicates a 
polarized line that was too weak to permit a quantitative determination 
of p, vw (very weak) designates a line that was too to measure 
= the microdensitometer, and the + sign means that the line was 

bserved both as a Stokes and as an anti-Stokes line. 


4 Forrest F. Cleveland and M. J. Murray, J. Chem. 
Phys. 7, 396 (1939). 

16 Forrest F. Cleveland, M. J. Murray, H. H. Haney, and 
Julia Shackelford, J. Chem. Phys. 8, 153 (1940). 

16 Forrest F. Cleveland, M. J. Murray, J. - le and 
V. I. Komarewsky, J. Chem. Phys. 10, 18 (19 42). 

17 Forrest F. Cleveland, J. Chem. Phys. 11, 1, 227 (1943). 


Several independent measurements made on 
three different spectrograms consistently locate a 
very weak line at about 162 cm-', which is some- 
what higher than the average of the values 
previously reported. Since this line was very 


TABLE II. Comparison of the present Raman data for 
hexabromoethane with previous data. 


Gockel Present results 
Solid C2Bre CeBre in solution 

Av e Av I p 

154 3 139 530 0.47 

177 1 

211 3 +204 780 0.83 

264 1 +255 1000 0.13 
768 460 0.70 


weak and in some cases difficult to measure due 
to overlapping by the Rayleigh wing, its exact 
location is not readily established. The line at 
975 cm-! appeared as a polarized line and was 
strong enough to be easily observed and meas- 
ured. The line previously reported by one 
investigator at 673 cm~! was not found in the 
present investigation. 

The results obtained for hexabromoethane are 
compared with the previous results of Gockel'® in 
Table II. The present Av values are somewhat 
lower than the corresponding values obtained by 
Gockel and the intensities show very poor agree- 
ment. Furthermore, no line corresponding to the 
177 cm~ frequericy could be observed on the 
several spectrograms of hexabromoethane ob- 
tained in this laboratory, although these spectro- 
grams did show a line at 768 cm—, strong enough 
to be readily observed, that was not reported in 
the previous investigation. 

In comparing the Raman data for hexachloro- 
ethane and hexabromoethane, one notices that 
the frequencies of the hexabromoethane lie some- 
what lower than the corresponding frequencies of 
hexachloroethane; this is what one would expect 
in view of the larger masses of the bromine atoms 
and of the inferior strength of the C—Br bonds. 
Had a better solvent been known for hexabromo- 
ethane, lines corresponding to the weak lines at 
162 and 975 cm in the hexachloroethane spec- 
trum might have appeared. Since these two lines 
could not be observed for hexabromoethane, it 
was not possible to calculate force constants for 
this molecule. It is to be hoped that later in- 
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vestigations may succeed in obtaining the com- 
plete Raman spectrum. 


CALCULATIONS 


The six Raman frequencies observed for 
hexachloroethane were used to calculate force 
constants for this molecule from the equations 
used by Stitt‘ for and The particular 
equations used were those obtained by Stitt from 
a six-constant potential function of the modified 
valence force type.* Two cubic equations were 
involved, one for the three Aj, frequencies, 
another for the three E, frequencies. Substitution 
of the observed values of the A,, and E, fre- 
quencies thus would give six equations with six 
unknown force constants. However, it did not 
seem practicable to solve these equations directly 
for the force constants since such complicated ex- 
pressions were involved. Consequently the pro- 
cedure followed was to establish relations'® 
between the roots (observed Av values) and the 
coefficients for each cubic equation. These rela- 
tions were simplified by omitting certain terms, 
but in spite of this omission one could obtain 
good approximations of the force constants by 
use of the simplified relations. 

Since the analysis of the two cubic equations 
yielded two sets of approximate values for the 
force constants, subsequent adjustment of the 
values was necessary in order to establish a single 
set which would best satisfy both cubic equations, 
i.e., would yield the best ‘‘test values” for the 
frequencies (see Table 1V). 


TABLE III. Force constants in 10° dynes/cm for 
ethane and hexachloroethane. 


Force constant C:Cle C:He 
Kc 4.00 4.60 
Ka 2.00 
H 4.79 
a 0.75 0.46 
Kg 0.35 0.46 
Kas —0.65 —0.015 
Cy — 1.36 —0.47 


* See Eq. (2) of reference 4, page 303. 


18 Relations between the roots and coefficients of an — 


equation: If a1, a2, @3, «++, @n are the m roots of the equa- 

tion x" + 1+ 2+ + pn-iX+pr=0, then 

ps = — 0204+ ---), 


The best set of force constants resulting from 
these calculations is given in Table III, along 
with the corresponding constants calculated by 
Stitt for ethane. Kc is the carbon-carbon force 
constant, Kc, and Ky are, respectively, the 


TABLE IV. Calculated and observed frequencies 
for hexachloroethane. 


Raman Infra-red 
Type observed Test values} Type Calculated 
162 282 310 
Ai 431 313 Avy 1001 
975 972 
223 209 100 
E, 340 341 E. 325 
859 869 869 


carbon-chlorine and carbon-hydrogen force con- 
stants, K, and Kg are, respectively, the bond 
angle force constants for the Cl—C—Cl and 
Cl—C—C angles, and Kags and Kc, are associated 
with interactions within a CCl; or CH; group, 
respectively. The bond distances used in the 
calculations were obtained from electron diffrac- 
tion data for similar molecules; they were 
C—Cl=1.76A and C—C =1.54A. 

As a test of the accuracy and reliability of the 
above set of force constants and as a safeguard 
against errors of calculation, the calculations were 
repeated in reverse order, the frequencies being 
obtained from the force constants. The extent to 
which the force constants reproduce the six ob- 
served Raman frequencies may be seen in 
Table IV in which the so-called ‘‘test values” are 
the values calculated from the A,, and E, equa- 
tions by use of the force constants listed in 
Table III. 

Having now more or less reliably established 
the force constants, the A», and E, frequencies, 
allowed only in the infra-red spectrum, were 
calculated. The calculated A 2, and E, frequencies, 
as yet unmeasured, are of interest in that they 
give the neighborhood in which the infra-red 
bands may be expected to appear. 


DISCUSSION 


There are three possibilities in regard to the 
orientation of the two CCl; groups: (1) free rota- 
tion, in which there is no potential restricting 


rotation about the C—C bond, symmetry Dy; 
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(2) eclipsed, the orientation in which the Cl 
atoms are as close together as possible, symmetry 
D;,; and (3) staggered, the orientation in which 
the Cl atoms are as far apart as possible, sym- 
metry D3. The selection rules for fundamentals, 
binary combinations, non-degenerate overtones, 
and doubly degenerate overtones up to the fourth 
overtone have been worked out for each of the 
three cases by methods described elsewhere,'® but 
will not be listed here since they have been 
published in a condensed form already.”° 

The selection rules show that three polarized 
Raman lines are allowed for each of the three 
configurations, but that the number of depolarized 
Raman lines allowed is smaller for the Dja than 


for the D3, or the Ds configurations. For D3,only 
three depolarized lines are allowed, while for Ds, 


TABLE V. Comparison of the Raman data and assignments 
for hexachloroethane and hexabromoethane. 


Hexachloroethane Hexabromoethane 
Av I p Type D* | Av I p Type D 


1 62 Vw P A lg 
431 1000 0.15 Ay 
975 33 035 A 


223 450 080 E, 2/139 530 047 E, 2 
340 370 086 E, 2/204 780 083 E, 2 
859 220 081 E, 2)|768 460 0.70 E, 2 


* D is the degeneracy. 


or Ds six depolarized lines are permitted. Since 
only three depolarized lines were observed, the 
Raman spectra data thus establish the equilib- 
rium configuration as D3a, unless one makes the 
improbable assumption that three of the depo- 
larized lines were so weak as to escape observa- 
tion. This conclusion could be tested further if the 
infra-red data were available since the selection 
rules for combinations and overtones for D3, are 
quite different from those for the other two 
configurations. 

The Da configuration seems probable on other 
grounds as well, for the potential barrier re- 
stricting internal rotation in ethane is about 3000 


19A. G. Meister, F. F. Cleveland, and M. J. Murray, 
Am. J. Phys. 11, 239 (1943). 

20T, Y. Wu, Vibrational Spectra and Structure of Poly- 
atomic Molecules (National University of Peking, Kun- 
ming, China, 1939), page 296. 


calories per mole and since the chlorine atoms are 
larger and the interactions therefore presumably 
larger, it seems quite reasonable to suppose that 
the orientation of the CCl; groups should be that 
in which the Cl atoms in different CCl; groups 
are as far apart as possible. Mizushima and 
Morino’ have discussed this point. 

Using the calculated infra-red frequencies given 
in Table IV in conjunction with the selection 
rules for D3, one can predict the regions in which 
infra-red absorption should occur. The numerical 
values of these expected infra-red frequencies are 
not written down here since it is not known just 
how reliable the calculated infra-red frequencies 
may be. The three lowest infra-red frequencies 
fall in a region where their observation would be 
difficult, but it is possible that they may be 
established by observation of overtone or combi- 
nation frequencies. Only the second, fourth, 
sixth, etc., overtones of the A», and E, fre- 
quencies are permitted in the infra-red spec- 
trum, but six combinations, Ai, Eu, 
AiwwXE,, AwXEu, AewXE,, and E,XE,, are 
allowed. Especially interesting are those combi- 
nations of the torsional A,, frequency, which is 
forbidden in both the Raman and _ infra-red 
spectra, with the three frequencies of the E, type. 
From these three combination frequencies, if 
they could be observed and identified in the infra- 
red spectrum, one might be able to get a value 
for the torsional A, frequency. If this frequency 
and the A>, and E, fundamentals could be 
established by an infra-red investigation, it would 
then be possible to calculate thermodynamical 
quantities for hexachloroethane. 

With the results for hexachloroethane as a 
guide, one can make tentative assignments of the 
observed frequencies for hexabromoethane, as- 
suming that its equilibrium configuration is like- 
wise D3. The spectra of the two compounds and 
the assignments are compared in Table V. 
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The kinetics of chain copolymerizations is developed for 
reactions consisting of three steps: first, an activation of 
stable monomer; second, a growth of activated polymer 
radical by means of monomer addition; third, a stabiliza- 
tion of the growing chains by (a) monomer addition, (b) 
by means of growing polymer [Eq. (1) ]. The existence of 
a steady state in respect to the concentration of growing 
chains beyond the induction period is assumed. The rate 
constants of growth and termination will in general depend 
upon the individual composition and upon the nature of 
the activated chain end. Equations for the rate of change 
of mole ratio s of the two monomer species are developed 
in terms of mean rates of growth and termination obtained 
by averaging the actual rates over the distribution of 
growing polymer [(4), (4a), (4’)]. The equilibrium condi- 
tions lead to a set of difference equations for this distribu- 
tion [(5), (5’)]. It is investigated whether the solution 
and results derived therefrom are of a form which permits 
a determination of the dependence of the rate constants 
for growth and termination upon the composition of the 
polymer molecule (6). In addition, the influence of the 


type of active chain end involved on over-all rate and 
size distribution is considered by introducing four constants 
for propagation and termination, respectively, according 
to the four possibilities A—A, A—B, B—A, B—B [(6a), 
(7), (4b), (4b’)], but independent of chain composition. 
Various special cases according to the relative magnitude of 
the rates for the two reactants are presented. Experimen- 
tally it is difficult to distinguish on the basis of kinetic data 
between the foregoing mechanism and one in which the 
rates of growth (and termination) for each of the two kinds 
of monomer depend solely upon the nature of the monomer 
molecule added and are independent of the nature of the 
active chain end [(4c), (4c’), (4c’’) ]. Relations are derived 
for the molecular size distribution, the inhomogeneity of 
the copolymer mixture in regard to composition, the aver- 
age molecular weight, and the average composition of 
copolymer as function of the composition of the monomer 
residue [(8a), (8a’), (9a), (10)]. The importance of these 
results for soluble and insoluble copolymers and for the 
theory of gel formation in vinyl-divinyl type polymers is 
pointed out. 


HE kinetics of chain polymerization reac- 
tions has been extensively treated.! Start- 
ing with the main elementary processes of chain 
initiation, propagation, and termination, it is 
possible to derive expressions for the over-all 
consumption of monomer, for the average chain 
length of the polymer formed during the various 
stages of the process and for the distribution of 
molecular weights. This in turn permits an 
analysis of the elementary rate constants, and 
therefore of energies of activation and frequency 
factors. 

If two monomer species copolymerize, addi- 
tional questions arise, e.g., the composition dis- 
tribution of polymer, the molecular arrangement 
of the two types within a chain, particularly if 
one of the two species acts as cross-linking agent, 
as in the vinyl-divinyl copolymerization. 

The kinetics of copolymer formation has re- 


* Publication assisted by The Graduate School of 
Howard University. 

1 Compare the symposium on ‘“‘High Polymers” held by 
the New York Academy of Sciences, Ann. N. Y. Acad. 
Sci. 44, 263 (1943). 


ceived much less attention than that of one-com- 
ponent systems. Norrish and Brookman? have 
considered the over-all rate of the chain process. 
Jenckel® was the first to specify the special types 
of copolymers obtainable, depending upon the 
relative values of the rate constants for the two 
species. However, since he did not introduce the 
initiation and termination, as pointed out by 
himself, his method is limited and the results 
obtained represent rather special cases, as will 
become evident in the following. Wall‘ has con- 
sidered this question, however, without treat- 
ing the process as a chain reaction governed 
by the above elementary processes. Instead, 
he starts with the assumption of a first-order 
over-all rate of disappearance for each of the 
two kinds of monomer. His equations, therefore, 
also refer to special cases and are in part identical 


. with those of Jenckel. Recently the present 


authors approached this problem from the point 


? R. G. W. Norrish and E. F. Brookman, Proc. Roy. Soc. 
A171, 147 (1939). 

3E. Jenckel, Zeits. f. ag Chemie A190, 24 (1941). 

‘F. T. Wall, J. Am. Chem. Soc. 63, 1862 (1941). 
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of view of a chain reaction governed by an 
activation, propagation, and cessation.> Expres- 
sions for the over-all rate and for the size and 
composition distribution were given. In the 
following the previous short account of this 
work is presented in full and a more enngate 
analysis is undertaken. 

The treatment is based upon the steady state 
method. It is valid if the mean lifetime of the 
growing polymer is small compared with the 
half-life of the over-all consumption of monomer. 
This implies essentially a vanishingly small rate 
of initiation. In polymerization reactions which 
lead to the formation of high molecular weight 
products, this steady state approximation ap- 
pears satisfactory. The mechanism underlying 
the mathematical derivations is somewhat simpli- 
fied by neglecting the possibility of chain trans- 
fer! between polymer radical and monomer or 
solvent and by representing the initiation in 
terms of constant parameters without considering 
in detail the catalyst action.! At the present 
stage of experimental investigation, considera- 
tions of this-kind, necessary for a more com- 
plete analysis of the data available on simple 
polymerization processes and on molecular dis- 
tribution curves, are hardly possible. 

The rates of growth and termination will, in 
general, depend upon the individual compositions 
of the chains and upon the nature of their active 
ends, formed by either of the two monomer 
species 1 and 2. In the following the rate con- 
stants will be designated by symbols k;;(7, s, A) 
and k;,(r, s, B). r, s indicate the composition of 
the chain in question, 7 being the number of 
type one groups and s of type two groups in 
the chain. A and B refer to the two kinds of 
active ends of the growing polymer molecules. 
i runs from 1 to 3 according to whether the k 
constant designates initiation, growth, or termi- 
nation, 7 assumes the values of one or two, 
characterizing the type of monomer involved in 
the kinetic act. In this notation, k2:(r, s, A), for 
instance, signifies the rate of growth of a polymer 
radical of indicated composition and active end 
by addition of a monomer of type 1, k22(7, s, A) 


aa Branson and R. Simha, J. Chem. Phys. 11, 297 


(1943). 
718 (i a and R. Simha, J. Am. Chem. Soc. 65, 706, 


by addition of type 2. The following reaction 
schemes are considered : 


Initiation: 


Ny ny; Nona. 


Propagation : 


ko(r,s,A 


5, A) 


Ny+18(A) 


nr(A)+Nz Nrs41(B), 


s r,s, B) 
N,s(B) 4.(A); 


Termination: 


ksi(r, s, A) 


k32(r, 5, A) 
Nys(A) + 


B 


k30(r, 5, B) 
tra(B) + 


or 
k3(r, 5, 1, k, A, B) 


—N. r+is+k 


or Nist+ Nir, 


k3(r, 5, 1, k, B, B) 
N,s(B) +n (B) is+k 


or Nret Nix. 


Ny4183 


Nrs(A ) + nix(B) 


n,(A) are growing radicals with a reacting end 
formed by type 1 monomer and similarly for 
n,s(B). Ns indicates the mole fraction of stable 
polymer with given composition r,s. J; and J: 
indicate the velocities of the initiation act, 
for an nth- 
order process. Two possibilities of breaking the 
growing polymer or monomer are considered, 
monomer termination and radical-radical termi- 
nation. The radical mechanism of polymerization 
makes the latter process the more probable one.' 
However, in order to establish the connection 
with the special results previously mentioned and 
with certain results on molecular weight distri- 
butions of simple polymer, monomer termination 
is included. Besides, the mathematical treatment 
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CHAIN COPOLYMERIZATION REACTIONS 


is closely connected for both cases. It has been 
suggested! that termination occurs by a first- 
order process when activation proceeds by means 
of an ionic mechanism. This case can easily be 
treated on the basis of the following results for 
the radical distribution. 


I. THE GENERAL OVER-ALL REACTION 


In terms of the above scheme the consumption 
of monomer is given for monomer termination 


by: 
1 


N, dt 
s, A)+si(r, s, A) trs(A) 


+[Rai(r, s, B)+Rsi(r, s, B) Jnre(B)}, 


with /=1, 2. 

We introduce the mean values of the rates of 
growth and termination by averaging over the 
radical distribution. 


= 2 CRmi(r, $, A) Mrs(A)+Rmilr, 5, B)n,s(B) J. 


(2) 


Equation (2) then becomes: 


N, dt i+( a+ at) )+ ( ) 


Since a steady state is assumed to exist, the rate 
of production equals the rate of destruction of 
active chains. This leads at once to an equation 
for the total concentration of these chains, which 
assumes the following form: 


Equations (2a) and (3) together determiae the 
over-all rate in terms of the average rates km; and 
the initiations J, and J. The over-all rate is 
best expressed by introducing the mole ratio of 
monomer residue : 


~ [n,s(A)+n,.(B) ]= 


(3) 


N,/N2. 
The above results then lead to 
dN, 
= 
dN, R3zt+R, 
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and 
din (R3— 


(4) 
dt 


with 
; 
i (kooths2); 


In the following species two will be assumed to 
be the more rapidly reacting, such that for (> ~, 
z—«. It may be noted that (3) cannot be 
integrated directly, since the average values of 
the rates depend, in general, upon the instanta- 
neous monomer composition z. However, it can 
be simplified, since the rate of initiation under 
our assumption is very small and furthermore 
the velocity of growth much larger than that of 
termination. Equation (4) then reduces to 


ding 
In the case of radical termination one has: 
dN, 
(2’) 


The average value of the termination is defined 
as follows: 


ks{ 


r, 8, 


{ka(r, 5, i, A, A)n,s(A)ni(A) 


j, A, B)n,.(A)ni;(B) 
+k;(r, 5, é, B, B)n,.(B)ni;(B) } ° 


The radical concentration is found from the 
equation : 


Nrs(A) +n,5(B) = 


Therefore : 
dN2 


(4’) 
— 11+ I») 4, 


dt 


Equations (4) and (4’), containing mean rate 
constants, are of general validity. The specific 
dependence of the individual rates upon com- 
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position and chain end determines the radical 
distribution and therefore the variation of the 
average rates with z. 


II. DETERMINATION OF RADICAL 
DISTRIBUTION 


Because of the existence of a steady state 
dn,(A) dny.(B) 
Scheme (1) then leads to the following set of 


difference equations for the concentration of 
growing polymer of indicated type: 


as(A )Mre(A) = 
ays(B)n,s(B) = Yrs—1(A ) Mrs_1(A) (5) 
+rs—1(B)nrs_1(B), 
aoi(B)nor= I2N2. 


ai (A)nw=11Ni; 
For monomer termination : 
a,s(L) =([Ral(r, s, L)+kai(r, s, L) 

+[hool(r, s, s, L) 
Brs(L)=Rai(r, s, L)Ni; =Reoo(r, s, L) No, 
with L=A or B. For radical termination: 
ays(L) =koi(r, s, L)Nitkoo(r, s, L) Ne 
+L [ka(r, s, 7, j, L, A)ni;(A) 
i, j 


+ka(r, s, 7, j, L, B)ni;(B) ] 
=ko(r, s, L)Ni+koo(r, s, L) Ne 
+k3(r, 5S, L, A) nij(A) 


a,j 


+k3(r, s, L, B) © ni;(B). 


a,j 


(5’) 


k3(r,s,L,A) and k(r,s,L,B) with k3(A, B) 
=k;(B, A) are suitably defined average rates. 
The general solution of system (5) leads to 
complex expressions, depending upon the specific 
nature of the rates as function of the individual 
chain composition 7, s. Herington and Robertson’ 
have developed equations for simple polymeriza- 
tion processes permitting in principle to deduce 
the dependence of the growth to termination 
ratio upon individual molecular size from de- 


7E. F. G. Herington and A. Robertson, Trans. Faraday 
Soc. 38, 490 (1942). 
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terminations of the instantaneous distribution 
curve. One may think of a similar procedure 
here. To investigate this, the complexity of (5) 
is reduced first by disregarding the dependence 
of growth and cessation upon the type of active 
end involved. This will be nearly correct, if no 
further steric conditions remain to be satisfied 
once an active end has been formed. The only 
important contribution of the growing chain to 
the rate constant then depends upon its size and 
composition only. In this case one has: 


Nrs(A ) +n,;(B) 2n,s(A) =Nrs 
and (5) reduces to: 
(Sa) 


This set may be solved by induction, as shown 
in Appendix I. The solution is: 


_ =*) Y js—1 Il Bie 


Brs l=0 \Q@is j=l Brs l=j Als 


ArsNys = Br—1sMr- ist smi. 


For the pure polymers, 7,9 and mo;, we have: 
= AroNr0; —-Yos—1M0s—1 = 


Therefore : 


Tr Ql 
I,Ni=B,ronro II 


l=1 B10 


Qol 
I2N2= Yostos Il 


l=1 You 
Whereupon : 
"Bist you of 
Qrs 1=0Als Ars jai l=j 
Defining : 
Vii 
and — = wij 
aij 
the probabilities for growth by means of monomer 
1 and 2, respectively, 1,, becomes finally : 


InN, 


Qrg 


i,-1 


‘2 [lo 


i,=1 


II 


= 
3 


Qrs i=0 l=1 


xX IIo 


l=0 ls—i l=j,; 


 TIw. (6) 


ls—i+l 78-1 i=i, ls 


The term on the right multiplied by JN; gives 
the m,, initiated by monomer species 1. The 
first product gives the probability that the chain 
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so initiated adds (j,—1) monomers of species 1 
before a species 2 is added, as represented by the 


factor w;,0. The second product describes the fur- 
ther growth of the polymer by addition of more 
1’s until there are (j,-1—1) of the first species. 
At this stage a monomer of the second type is 
added. The remaining factors express the further 
growth. Finally, the summations over the j’s give 
the total number of possible intramolecular 
arrangements consistent with the composition 7, s 
and initiated by the first species. The second term 
is interpreted similarly. 

In the case of radical termination, the same 
solution is obtained with the a’s defined as in (5’) 
after suitable specialization. 

We may investigate the specific effect of 
different growing ends upon the. reaction by 
neglecting the dependence upon chain composi- 
tion. Equation (5) becomes upon division by 
a(A) and a(B), respectively : 


w(A ) +w(B)n,_15(B), 
+0’ (B)nys_1(B), 


(Sb) 


where the w’s are defined as: 


They represent probabilities for -A —A,-—B—A, 
—A-—B, —B-—B addition, respectively. The solu- 


w(A)w(B)x 


tions of (5b) are, as shown in Appendix II: 


nrs(A) =[w(A) }~'Lw’(B) 
x —s, 1, x) 
a(A) 
—F(1—r, 1-—s, 1, x)] 
w(A) 
F(1—r,1—s, 1, x)}; 
a(B) w’(A) 
nrs(B) =[w(A) }'[w’(B) 
w'(A) 
a(A) (A) 


i~s, 1, x) 


F(1—r, 1—s, 1, x) 


—F(i-—r, 1—s,1,x)]}, 


where the F’s are hypergeometric functions with 
_ 1A) BB) 
w(A)w"(B) B(A) y(B)’ 
—A-—B-—B-A 
—A-—-A —B-B 


addition. 


corresponding to 


The interpretation of (6a) is analogous to that of 
(6). The first term always gives the total number 
of active chains of stated composition initiated 
by the first species. In the case of radical termi- 
nation (6a) remains valid with the a’s defined as 
in (5’), but independent of 7 and s. For the 
developments in the next section we need the 
total number of radicals of specified ends (see 
Appendix 


nro ’ 
a(A) 1—w(A) 


w(A)w’(B)x 


| 


[(i —w(A))(1—w(B)) 


f 7) 


= 


r,s21 


nos(B) = 


1 

a(B) 1—w'(B) 


III. SPECIAL RATE EQUATIONS 


From the results obtained for the radical distribution, it is possible to determine the average rates 
key, ke2, k31, &s2 and introduce them into the general equations (2) and (4’). The mean rates, obtained 
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™ 

B(A) B(B) 

w(A)=—-; wo(B)=—;; 

(4) a(A) (B) a(A) . 
7(A) 
w’(A)=——; ow’ (B)=—. 
(A) a(B) (B) a(B) 

— 
'(B)) 
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by averaging over the rates for A and B ends, respectively, according to the general equation previ- 
ously given, are: 


k [R(A)n,.(A) +k(B)n,.(B) ], 


where, as before, the k’s are independent of r, s. Substituting for the sums, one has: 
—y(B)) +12N2(a(A) — (A) ] 
1 dN, 
gy +2 ns(B) | 


with /=1, 2. Equation (4a) then yields: 


k= 


Therefrom : 


C12’ 
—ker(A) (B) +hai(B) Tikes (B)[h22(A) —ko(A)], 
—ka(B) ], 
C7 = 
in which we neglected k3’s with respect to k»’s. It should be noted that for a first-order initiation 
process J; and J2 are independent of N; and Nz, the c’s are constants, and the right-hand side of (4b) 
depends solely upon z. For higher order initiation, d In z/dt depends explicitly upon z, the mole ratio, 
and upon Ne», the number of moles of the second species present. 
During the last stages of the reaction, z—«, the slope of the In z curve becomes 1;/k3:(A)[k22(A) 


—k2(A)] which is constant for first-order initiation. The rate of monomer consumption is then 
given by 


d 


1 dN, 

lim — ——-= 

tw Ni dt k3i(A) 
The limiting over-all rate follows the same order as the rate of initiation of the slower species. This 
result is exactly analogous to the one obtained in simple polymerization reactions where it holds 
throughout the reaction.*’ The rate factor depends only upon the constants characteristic for active 
ends formed by the slower reacting species. This is not unexpected since this type end is the only one 
formed during the final stages. Equation (4b) can now be specialized to give copolymer systems 
equivalent to those defined by Jenckel.* Case 1: Each species polymerizes independently ; expressed by 
koo(A) =koi(B) =0, k32(A) =ksi(B) =0. The over-all rate is: 


dinz _fikn(A) 
dt kso(B) 


This shows, as one expected, that the result of the copolymerization is the same as that obtained by 
separate polymerization and subsequent mixing. The first term on the right equals — (1/N2)(dN2/dt) 
and the second (1/N1)(dNi/dt). The same type of result was obtained by Wall.4 Case 2: In the other 
extreme, each species adds on to active ends formed by the other type; kei(A) =ke2(B) =0, ksi(A) 


| 
( 
1 
( 
‘4 


CHAIN COPOLYMERIZATION REACTIONS 


=k32(B) =0. The result is a checker board polymer. One obtains: 


d\n (112+J2)(z—1) 1 


Case 3: —A—A, —B-—B, —B-—A, and —A-—B additions occur with equal probability ; ke: =k2, 
k31=k32 for A and B. Equation (4) with constant values for the R; yields: 


d\n 


This is a result of the same type as that holding for case 1; furthermore, if the velocities of initiation 
are also equal, no change of monomer composition results during the whole process and it remains 
equal to the composition of polymer formed. 

Equation (6a) holds also for radical termination. However, the solution (6a) contains the quantities 
dn,s(A) and }-n,,.(B) explicitly, as can be seen from the definition (5) of the a’s. In order to determine 
the sums, we revert to (7), which represents in this case implicit equations for the desired quantities 
in terms of rate constants and monomer concentrations. On substituting for the w’s in (7) a set of 
simultaneous cubic equations for }>”,,(A) and >¢n,.(B) results. The linear term is negligible in com- 
parison with the constant and quadratic terms because of the magnitudes of the different rates. The 
cubic term is also negligible until N; becomes vanishingly small. The solution obtained with these 
approximations is: 


= 


8(B)[ks(A, A)6(B)+ks(A, B)B(B)+ks(B, B)y(A)]) 


(7’) 


This expression may be used to determine the average values of the rates. Introduction of the values 
into (4’) and use of the definitions of the #’s and y’s yields for the over-all rate for radical termination : 


dinz NA { — ko (B) 


(4b’) 


If the initiation is first order, (4b’) and (4b) show that the distinction between radical and monomer 
termination lies in the explicit dependence of the over-all rate upon the concentration N2 in the 
former case. 

If the kinetic distinction between the two types of growing ends is dropped as was done in the 
derivation of (6) for the distribution of active radical, (4b) and (4b’) become 


ding Roe—kor 
( 12+ ( ) 
and 
dl 
dt ks 


where all the k’s represent true rates, not average rates as in (4a) and (4’) which have the same form. 

Unless experimental data are very accurate, it will be difficult to distinguish between the type of 
behavior described by (4b) and that of (4c); for the ratio of a quadratic to a cubic function of 2 in 
(4b) is replaced by the ratio of a constant to a linear term in (4c). Analogous reasoning applies to a 
comparison of (4b’) and (4c’). As far as the dependence of growth and termination upon individual 
chain composition is concerned, the form of (6) seems to preclude our deriving information from 
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measurements of over-all rate and from size distribution data. We shall, therefore, make (4c) and (4c’) 
the basis for our further considerations. 

Equation (4c) or the full equation (4) with constant coefficients R; can immediately be integrated. 
Equation (4c) and the first equation in (4) yield for a first-order initiation process (J;, J, constant) : 


Roly In ln ——— = kat, 
20 I I 


120 2 


(4d) 


N2 Ry 
n = 
N2(0) 


] ’ 
n "ROR, In 2/20 


n + 
(Ri — R3)20+(R2— Ra) 


where N2(0) and % are the initial mole fraction for the second species and mole ratio, respectively. 
The approximate equation is valid since rates of growth are large with respect to rates of initiation and 
termination, and since k22/k2: is of the same order of magnitude as k32/k3;. This procedure is not 
acceptable if the rates are very nearly equal, but this has already been considered as case 3 in this 
section. 

The rate constants are best determined from the graph of d In z/dt versus z. That is, one would find 
experimentally the In z—¢ curve, calculate the slope and plot it versus the corresponding values of z. 
Figure 1° is such a curve for selected values of the rate constants and for different ratios of the two 
termination rates. Equal velocities of initiation are assumed. Inequality of initiations would not 
change the general shape of the curves, except for a possible change of sign of the slope. Differences in 
the growth rates merely shift the curves vertically. Jenckel’s* and Wall’s* equations yield the hori- 
zontal line. 

The experimental data of Marvel and co-workers® seem to deviate from the horizontal line. It is 
difficult to judge from these data whether the deviations follow this theory. For very large values of z 
the slope is zero since both species are reacting independently. The ratio of the two growth rates can 
easily be found from (4d). 

Equations (2’) for radical termination yield as intermediate integral a relation between N;, Noe, 
and t, which can be written as follows, if the initiations are first order: 


Ne koe 2 Rooks I 
1 ( 1 (4d’) 


ker kn 


n —— = In— 
Equation (4c’) then gives for the over-all rate: 


dinz 
2(ko2—ke1) 


di = (I2—1,) 2(0) exp | (4c’’) 


Unless the two rates of propagation are very nearly equal, the coefficient of ¢ in (4d’) and (4c’’) will be 
sufficiently small to make the ¢ factor negligible over a wide interval of the reaction. Under these con- 
ditions, (4d’) becomes identical with the approximate form of (4d). The slope of the In z—¢ curve 
depends also upon the initial monomer concentrations, while monomer termination gives a depend- 
ence upon the instantaneous ratio z only (4c). Extrapolation of the slope of the In z—¢ curve to zero 
time yields a straight line according to (4c’’), if plotted versus the square root of the initial mole 
fraction N2(0). Its intercept equals 


8 We are indebted to Mr. Charles P. Powell for his aid in carrying out the numerical computations. 
9C. S. Marvel, G. D. Jones, T. W. Mastin, and G. L. Schertz, J. Am. Chem. Soc. 64, 2356 (1942). 
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IV. COPOLYMER COMPOSITION AND 
SIZE DISTRIBUTION 


The mole fraction of stable polymer N,, is 
given by the following equations according to 
scheme (1), for the stable copolymer formed in a 
time element dt (hereafter called instantaneous 
copolymer distribution) : 


mrss; 


Monomer termination. 
ks 
dt 2 i. jun dt 


Radical termination. 


(8) 


(8’) 
n,s is derived from (6) for rates independent of r 
and s: 


i,j 

where 

w=w;; and w’=w;; are independent of i, j 
Equation (6a) is valid for radical termination if 
the a’s in w and w’ are defined: 


a= 


I I ‘) 
Elimination of ¢ in (8) leads by means of relations 
(4c), (4d), and (6a) to the following expressions 


valid for first-order initiation and monomer 
termination: 


dN;s N,(0) 


21 


with 


f(r, s)= 


ko» s—2 


Tok —2 
+( 2 a 1 om ). (8a) 
ko 
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Unfortunately it is not possible to integrate this 
expression in closed form and find in this manner 
the distribution of stable polymer corresponding 
to a monomer composition z. Numerical inte- 
gration is required after the rate constants have 
been determined from kinetic data. The distri- 
bution of stable polymer first formed may be 


obtained as: 
N,s(8—20) = (z—Zp). 
dz 20 


If the monomer ratio 2 is maintained, this gives 
the distribution at any instant. The total number 
of molecules of a certain total chain length p can 
be determined by means of the equation derived 
from (8): 


d 
— > 


r+s—p 


yf 


4 Uakart | 
ko ko J 


For the total number of polymer molecules we 
obtain 


d 


dz r+s=2 


dt 
I2)—, 
dz 


a result which can be written down directly in 
view of the steady state condition. Integration of 
the last expression using (4c) and (4d) gives: 


Zo 
r+s=2 Roy 


k 
koe 


8 2 4 6 10 
2 


Fic, 1. Slope of Inz—¢ curve as a function of z, (4c), 
for various ratios k3:/k32. [1 sec.-!; ke: =2.1073 
mole? liter sec.~!; =5k21; k31=107° molest liter sec.—. 
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The number average molecular weight of the polymerized material is given by 
M,LNi(0) — Ni(2) — 210 J+ MeL N2(0) — No(z) — 01] 


M,(2)= 
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(9) 


r,s 


r+s=2 


M, and Mz denote the molecular weights of the 
two monomer species. All mole fractions can be 
expressed as functions of z by means of relations 
(3), (4d), and (6a). For the final number average 
molecular weight we find in this manner, if the 
small amount of monomer radical is neglected : 


M M 
(9a) 
ke Res 


For a one-component polymerization one has in 
place of (9a) the familiar result: 


M,( = 


As is to be expected, the result (9a) depends upon 
the initial monomer composition which appears 
here as a weight factor in the average formed over 
the contribution of the two species to the total. 
One may guess that the weight average molecular 
weights of copolymer and pure polymer will be 
similarly related. The quotient of the two terms 
in (9) equals the weight ratio w of the two species 
in the polymerized material : 


My, 


w(z) =— 


= 1 — 


(10) 


For zs, the polymer composition naturally 
becomes equal to the initial monomer composi- 
tion (M/,/M2)zo. The result (10) can be valid only 
beyond the induction period, when the concen- 
tration of activated chains n,, is stationary and 
when 249 and mo, whose initial values cannot be 
determined by the method used here, are negli- 
gible in comparison with the terms retained in the 
numerator and denominator of (10). On ex- 
trapolating, however, the composition curve to 
zero time, 3=39, (10) reduces to: 


Hence the intercept of the polymer composition 
curve gives the ratio of the rates of growth for the 
two components. Equation (10) may easily be 
expressed in terms of weight percentage composi- 
tion of monomer which gives a more accurate 
graph for large values of z. Because of the identity 
of (4d’) and (4d) previously discussed, (10) holds 
approximately also in the case of radical termina- 
tion. The instantaneous distribution by weight, 
(d/dz)[(Mir+Mos)N,.] according to (8a), is 
plotted in Figs. 2 and 3 versus the total chain 
length for constant chain composition 6=s/r and 


Fic. 2. Instantaneous weight 
distribution (9) at constant chain 
composition 6=s/r=4 as a func- 
tion of chain length r+s, at 
various stages of the reaction. 
Rates identical with those in Fig. 
1 with 30=0.4. Vertical 
scale should be divided by ten 
for s=2. 


— 


|| 
= 
= 
25 1 
4h 0.6 I 
SI 
SI 
ti 
‘S50 Te) 250 350 450 


CHAIN COPOLYMERIZATION REACTIONS 


Fic. 3. Instantaneous weight distribution 
(9) at constant chain length r+s=200 as a 
function of chain composition r/r+s at var- 
ious stages of the reaction. Numerical values 
of constants identical with those in Fig. 2. 
Ordinate scale for curve z=0.51 should be 
multiplied by two. 


versus the composition r/r+s for constant chain 
length, respectively, at various stages z of the 
reaction. Some of the values chosen were sug- 
gested by Reinhardt’s' data on the vinyl chloride 
(species 1) vinylidene chloride (species 2) system. 
Stirling’s formula can be used to replace the 
factorials for most of the values of r and s shown 
in the graphs. In the plots at constant 6, (8a) 
leads to: 


=A(z)r3 


d 6 1 6+1 
(Myr+ Ms) 


. (9 
( ) 
The maximum of the distribution is at 


1+6 
2 


(r+5) max +6) => ( 


| 


in ( 
(6+1)*! 


It may be seen that both for very large and very 
small values of z, the maximum shifts to very 
small values of r. If the composition of the 
monomer residue is such that (depending essen- 
tially upon the growth rates) the mean composi- 


1 R. C. Reinhardt, Ind. Eng. Chem. 35, 422 (1943). 


30 
IN PERCENT 
tion of polymer just formed deviates pro- 
nouncedly from the desired one (6), then the 
latter will, because of statistical reasons, occur 
only in very small chains. Accordingly one may 
expect the maximum in Fig. 2 to be farthest to 
the right, when the monomer composition 2(max) 
obeys the relation 


1 
(max) 


(10) 


Setting d(r+5) max/dz equal to zero actually leads 
to this result. The corresponding value of the 
molecular weight is found from the above equa- 


0.25 


Fic. 4. Weight ratio w(z) of reactants in copolymer as 


a function of mole ratio s of monomer (10). Numerical 
values of constants are the same as those in Fig. 2. 
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tion for (r+5)max after insertion of the value for 
z(max). Expansion of the logarithm gives the 
following equation for the largest obtainable 
molecular weight corresponding to a maximum 
in the composition distribution curve: 


1 
2ksi ks 


kon Roe 


1 
(11) 


Comparison of this equation with relation (9a) 
shows that this maximum molecular weight is 
exactly one-half the final number average molecu- 
lar weight obtained if the initial monomer ratio 
Zo equals the desired ratio 1/6 in the chains. If 
one wishes to maintain throughout the polymeri- 
zation a given ratio 6 in long chains, the initial 
composition z9 must be chosen equal to z(max) 
and z maintained at this value by suitable 
monomer addition. In Fig. 3 the maximum shifts 
to larger contents of type one monomer with 
progressing copolymerization, as is to be expected. 
The instantaneous distributions of polymer 
formed by the interaction of two activated chains 
are given by the following equations, derived 
from (8’) and (6a) in the Appendix III: 


r,s>0, Combination; (8a’) 


dt 


—1 
dt 2 
I —1 
dt Ro 5 


r+s—1 


ks 


) Disproportionation. 


Roe r 
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By means of (4c’’), (8a’) may again be formu- 
lated in terms of z through elimination of the 
time variable. It may be noted from (8a) and 
(8a’) that the distribution by number, N,,, will 
exhibit a maximum in the case of combination, 
while curves for polymer terminated by means 
of monomer or by a disproportionation mecha- 


~ nism shows a maximum only if plotted as weight 


distribution, similarly as in the case of one-com- 

ponent systems.’ Equation (8a!) gives at once 

the distribution lim N,, of stable polymer formed 
229 


initially, if ¢ is eliminated by means of z in 
analogy to the case previously discussed. Plots 
at constant composition and chain length, re- 
spectively, lead to the same conclusions as before. 
No analytical expression for the maximum chain 
length obtainable with a desired composition 6 
can be found because of the complications arising 
from the definition of w and w’ in this case. 
If the factor containing kz in w and w’ can be 
neglected, Eq. (10) with omission of 23; and k32 
is again obtained. 

Relations for the size and composition distri- 
bution developed here or found by similar 
methods for other polymerization mechanisms 
should permit at least an estimation of the 
homogeneity of a copolymer with respect to size 
and composition at various stages of the reaction, 
once the kinetics of the process is established and 
the velocity constants for the elementary steps 
are known. In the case of insoluble or nearly 
insoluble cross-linked polymers of the vinyl- 
divinyl type the only thermodynamic method 
available at present for an analysis of the product 
formed is a study of the swelling isotherms." 
This allows a determination of the average chain 
length between two cross links. Kinetic investi- 
gations enable one to supplement this informa- 
tion with distribution data. Jenckel*® has carried 
out fractionations on four soluble copolymer 
systems, namely, styrene and methacrylic acid 
ester, methyl methacrylate and vinyl acetate, 
respectively, and vinyl pyrrolidine-vinyl car- 
bazole. He furthermore attempted to draw con- 
clusions as to the kinetics of the process on this 
basis. However, in his analysis the inhomogeneity 
in respect to size was neglected. In general, chain 


1 P, J. Flory and J. Rehner, Jr., J. Chem. Phys. 11, 521 
(1943). 
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composition as well as chain length’? determine 
the thermodynamic equilibrium at a given tem- 
perature.'* It is evident for instance, that the 
shorter chains precipitated from a solution con- 
tain more of that component which, as a pure 
polymer, is less soluble in the same solvent. 
Finally, considerations of this type will play a 
role in the application of Flory’s'? and Stock- 
mayer’s'® theory of gel formation to cross-linked 
polymers, by determining the relative proba- 
bilities with which mono- and divinyl enter the 
chains, and therefore the average number of 
cross bonds per chain. The intramolecular distri- 
bution of cross bonds can then be calculated in 
terms of the extent of reaction. The number P; of 
groups of monoviny] units containing 7 members 
in N,, cross-linked chains of length (r+s) which 
have been formed in an interval dz, is given by :'* 


for i<r+s, with 


21% 
koe designates the rate of cross-bond formation, 


2 See, for instance, H. Staudinger and J. Schneiders, 
Ann. 541, 151 (1939). 

13 This can be expressed roughly by an extension of the 
theory of P. J. Flory, J. Chem. Phys. 10, 51 (1942) and 
M.L. Huggins, Ann. N. Y. Acad. Sci. 43, 1 (1942). Let the 
heat of mixing depend solely upon the polymer composition 
and be independent of the intramolecular arrangement, 
which is reasonable. Applying G. Scatchard’s [Chem. Rev. 
8, 321 (1931) ] expression for the heat of mixing to the 
ternary system, the parameter K (in Flory’s notation), a 
ratio between cohesional and thermal energy, assumes the 
following form: 3 


K =2v,/RT[A wk+A i3(1 k) -A oak(1 —k)]. 


« is the chain composition r/r+s in the notation adopted, 
v, the molar volume of the solvent. The indices 2 and 3 
refer to the two monomer species. The A coefficients 
depend upon the nature of the respective components only 
and monomers 2 and 3 are assumed to be approximately 
equal in size. The relations for the partial molal entropies 
will in general depend upon the intramolecular arrangement 
of the two species which determines the internal flexibility of 
the polymer molecule, unless they are chemically similar 
enough. Disregarding this factor, the above authors’ 
results give at once a relation between chain length and 
composition at the critical point of formation of a two- 
phase system at a given temperature. Furthermore, the 
slope of the plot of reduced osmotic pressure versus con- 
centration (in weight per volume) for small concentrations 
is proportional to (1—X) and is therefore a function of 
the chain composition. Osmotic data on copolymers are 
very desirable in this connection. 

#P. J. Flory, J. Am. Chem. Soc. 63, 3096 (1941). 

%W. H. Stockmayer, J. Chem. Phys. 11, 45 (1943); 
W. H. Stockmayer and H. Jacobson, ibid. 11, 393 (1943). 

1° F. T. Wall, J. Am. Chem. Soc. 62, 803 (1940) ; 63, 821 
(1941). R. Simha, ibid. 63, 1479 (1941). 
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ka; that of addition of monovinyl units. If the 
chain length is not sufficiently large, the effect 
of the two ends and their mode of formation 
must be taken into account by the introduction 
of parameters for initiation and termination and 
modification of the above formula.'® 

We should like to acknowledge our indebted- 
ness to Dr. R. F. Boyer and Dr. R. C. Reinhardt 
of The Dow Chemical Company for many help- 
ful discussions. 


APPENDIX 
I. Solution of the Difference Equations (5a) 


The result for m+o and mo; is easily found. Direct sub- 
stitution in (5a) for low values of r and s leads to the fol- 
lowing typical equations: 


@12N12= 


Bo2B 12B22N02+ 71181282211 ¥21B22 
32N32 = naty3iNs13 
120029 


or 
/Bi2 
1=0\Q12 j=1 


The first term on the right expresses that an m,;2 may be 
built from an mo2 by adding on r units of the first kind; 
the second term that 2,2 may be built from m1, mo1-++mr1 
by joining a unit of the second kind and then completing 
the structure by adding a sufficient number of the first 
species. This may be generalized to 


QrsNrs = aos — Nj s-1Vi s-1 11 { — 
1=0\Q1s, \Q@ls, 


which can be explained as before. It is equivalent to the 
intermediate result presented in the text. On substituting 
nos and w’s from the text this becomes: 

r—1 


Vir 8-1 TT or. 
| 


=1 


» r 

l=0 l=) ii 
This expression can be utilized to establish a recurrence 
formula between mj,,-; and mj,,-9 with 
Nj; may be expressed in terms of n;,,—1 with 
Continued substitution and rearrangement leads to (6). 


II. Solution of Difference Equations (5b) 
Equations (5b) gives for the pure radical species : 
_ 
B(A) 


Examining a m,;(A) for low values of r, s, for example, 
no2(A): 


= 


We see that there will be in all cases two expressions, one 


corresponding to initiation by the first species, the other by 
the second. The terms in the w’s again express the manner 
of growth of the active nuclei. From the meaning of the w’s 
we can interpret for this example the first product in the J2 
term as growth in the following order: B—A—B—A-, 
and the second: B—B—A—A. The J; term represents: 
A—B—B-—A. The total number of terms in the expression 
for n,s(A) will evidently be equal to the number of ways 
of arranging the structural units within the chain with 
specified ends: 


(r+s—2)!, (r+s—2)! 
(r—2)!s! 


Initiated by A Initiated by B. 


Likewise for n,s(B) : 
') 
r 


Let us now characterize a possible intramolecular con- 
figuration by i, the number of A—A, j, the number of 
B—A, k, the number of A—B, and by /, the number of 
B-—B linkages. Each configuration gives rise to a term 
w(A)*'w(B)iw’(A)*w’(B)' multiplied by a statistical weight 
factor. To determine this factor we consider first the 
n,s(A) initiated by B. The conditions to be fulfilled by 
i, j, k, and / are: i+j=r, since an A must follow an A or 
a B; j=k++, since all the groups formed by B except the 
first are preceded by an A (A—B linkage) and all are 
succeeded by an A including the first (B—A bond); 
jt+l=s, since a B must be followed by an A or by a B. 
Let m, be the number of groups formed by ¢ structural 
units of type A, whence 2m,=j, Lim:=r. Let m;,’ have 
the same meaning for type B and 2m,'=j, Zim,’ =s. The 
weight factor for the specified configuration i, j, k, 1 is 


te mt II(m,’)! mt II(m:)! 
to be summed over all values of m:; and m,’ compatible 
with the auxiliary conditions. The sum over m,’ gives the 
independent configurations resulting from a permutation 
of the B groups, that over m; of the A groups. The product 
therefore gives the total number of independent configura- 
tions. Using the multinomial theorem to evaluate one of 
these sums we find: 


whence: 


t— 


m 
=coeff. of 27 in i): 


Replacing 7 by s gives the sum over m;,’. The final weight 


factor is: 
For m,,(A) initiated by A, the conditions for 7, j7, k, and 


lare Sm.=j+1, Um, =j, i+j+1=r, j=k, j+l=s. Sub- 
stituting these values for the sums into (A—1) and using 
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p 


the multinomial theorem, we obtain for the weight factor 


(7 
j 


For n,;(B) initiated by A, the analysis is the same as for 
n;(A) initiated by B with i+k=r, 
j=k—-1, k+/=s, hence the weight factor: 


r—1\f/s-1 
k—1/\k-1 


n,.(B) initiated by B carries the conditions Xm,'=k+1, 
<m=k=j, i+tk=r, k+1+1=s. The weight factor is: 


Introducing the oa factors as coefficients of the w’s 
and substituting the values of the exponents in terms of 
r and s, we find: 


X [w’(A) (B) 


I2Ne 
X [w’(A) ¥[w’(B) F'[w(A) 7; 
ILN r—1\f/s— 


¥ 25 (7- 1\/s— 
k—-1 


The first expression on the right for m,,(A) may be written 
as: 


a(A) 


Now 


=F(1—r, —s,1,x)—1, 
where F(a, b, c, x) is the gece function” 


se 1) b(6+1) 
1-2 c(e+1) 


(A)w'(B) 


F(a, b, ox) =14+% 


Likewise: 


an 


= 


x[F(i-—r, —s, 1,x)—F(1—r, 1-—s, 1, x)]. 


1 E. T. Whittaker and G. N. Watson, Modern Analysis 
(The Cambridge University Press, 1940). 
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Application of this procedure to the other summations 
gives (6a). 

In computing the sums over 7,.(A) and n,,(B), the sums 
over the pure polymer species are easily evaluated. In 
the copolymer ,,(A) we have for the first term, sub- 
stituting j—1. 


mM ¥ —1\/s-1 


1) 


w(A)w'(B)x 
J—x0(A)w'(B) 


The second term gives 

xw(A )w’(B) 


Combination of these terms gives the sums in (7). 27,5(B) 
is determined in the same manner. 


III. Derivation of (8a’) 


Introducing the values for ;; and n,_; s-; from (6a) into 
(8’) one is led to four sums. The first is: 


Consequently : 


The first summation on the right gives with 6=\—2: 


5=0 s+l1 


since the binomial coefficient is zero when the bottom term 
exceeds the top. The second summation in S; may be 
written with 6=r+s—2—): 


Finally: 


The second sum is 


j r-i 


Since 


The first term above on the right may be obtained from 
S; by replacing r by r+1: 


Su=(s-1)( 


r+s-— ') 
s 
The third and fourth terms are 


1: mee 1\(r+s-—i-j-1 


and 


The sums become identical with the second and first 
upon interchange of 7 and s, i and j. Substitution of the 
values found in this manner gives (8a’). 
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In dilute aqueous solutions the dye 1,1’-diethyl-2,2’- 
cyanine chloride, a photographic sensitizer, has two broad 
molecular absorption bands with maxima at 4900 and 
5230A. For a 10°? molar water solution at room tem- 
perature, which is a gel, a new, intense, and exceedingly 
narrow absorption and fluorescence band has been found 
at 5730A by G. Scheibe, and by E. Jelley by other methods. 
The electric polarization of this band in both absorption 
and fluorescence is parallel to the long dye polymers 
formed in the gel. In the present investigation the occur- 
rence and behavior of this ““P band” were studied for thin 
dye films deposited on glass from solutions containing 
water. The P band shifts about 50A to greater wave- 
length, becomes broader and weaker, and finally disappears 
as the water is removed by pumping and/or by increasing 
the temperature. This behavior is reversible if water vapor 
is readmitted. The position of the P band enables a 
measurement of the humidity of the atmosphere surround- 
ing the film. The effect of temperature from —195 to 
+ 100°C is described. The P band can be made to appear 
starting with water solutions as dilute as 10~* M by freezing 
the water, locally concentrating the solution. For dye 
films, there is observed a second, weaker absorption band 


(Received February 21, 1944) 


(called the Py; band) at 5430A similar to the P band in 
structure and behavior but polarized perpendicular to the 
polymer chains and requiring a higher dye concentration 
before appearing. Reasons discussed in the paper indicate 
that the P band is due to single dye polymer chains while 
the Py; band should belong to a system of coupled chains 
lying mutually parallel and forming threads. These threads 
were observed microscopically. A dehydrated film may 
contain a fraction of the dye molecules in monomeric 
form, another fraction (showing only the molecular bands 
much broadened) in an array anchored to the supporting 
surface such that the mere addition of water vapor im- 
mediately produces the polymer chains with the P and 
Py bands, and the remainder in crystalline form with a 
broad absorption band at 5650 and a broad fluorescence 
band at 6200A. Experiments undertaken to determine the 
number of water molecules per dye molecule necessary for 
polymerization were only sufficient to determine that the 
order of magnitude of the ratio is from 1:2 to 10:1 

An attempt is made to interpret the absorption and 
fluorescence bands of the polymer chains by the hypothesis 
of exciton migration. 


1. INTRODUCTION 


HE dye 1,1’-diethyl-2,2’-cyanine chloride 
is one of a class used for sensitizing photo- 
graphic emulsions for longer wave-lengths when 
adsorbed on the surface of the silver halide 
grains.! This red dye shows two normal molecular 
absorption bands each several hundred angstroms 
wide with maxima? at 4900 and 5230A, charac- 
teristic of the molecules when dissolved in polar 
solvents such as alcohol. 

However, if the solvent is water some unusual 
phenomena occur. As the concentration of the 
dye is increased, the 5230A molecular absorption 
band becomes weaker, a new absorption band 


1For the average areal density distribution of the ad- 
sorbed dye see, for instance, S. E. Sheppard, R. H. 
Lambert, and R. D. Walker, J. Chem. Phys. 7, 265 (1939). 
For the spectral region where the iodide of this dye sen- 
sitizes emulsions see C. E. Kenneth Mees, The Theory of 
the (The Macmillan Company, New 
York, 1942), p 
2L.G.S. * he and G. H. Keyes, J. Am. Chem. Soc. 
58, 659 (1936). This reference is for the iodide compound 
the molecular spectrum of which is essentially identical to 
that of the chloride compound. 
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begins to appear (E. E. Jelley® and G. Scheibe'), 
and at the same time the viscosity of the solution 
increases. [A ‘saturated solution’ at room 
temperature® is about 3(10)-? mole/liter.] At a 
concentration of about 10-? M the viscosity is 
so high that the solution is a gel‘ while the new 
absorption band with its maximum at about 
5730A is intense and unusually narrow as com- 
pared with normal absorption bands of poly- 
atomic molecules. It actually resembles a 
broadened atomic absorption line. Diluting or 
heating the gel causes the new band and the gel 
state to disappear,>-§ and these effects are 
indefinitely reversible. They are explained’ as 
the result of a reversible polymerization in which 
the dye molecules are coupled together through 
the medium of the water molecules to form long 


3E. E. Jelley, Nature 138, 1009 (1936). 

4G. Scheibe, Zeits. f. angew. Chemie 50, 51 (1937). 

5G. Scheibe, Kolloid Zeits. 82, 1 (1938). 

®H. Ecker, Kolloid Zeits. 92, 35 (1940). 

7G. Scheibe, L. Kandler, and H. Ecker, Naturwiss. 25, 
75 (1937). 

8G. Scheibe, A. Mareis, and H. Ecker, Naturwiss. 25, 
474 (1937). 
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polymer chains. The presence of H.O (or D.O) 
mixed in other solvents is sufficient to bring out 
this polymer band, but without water it is 
absent.® The gel state has been called a ‘‘nematic 
phase”’,’ or a ‘‘Z state’’,!° or a 
and the band characteristic of this polymerized 
state has been called a‘‘P band”’,® or a ‘‘Z band’’,!° 
or a band’’."' The terms “‘gel’”’ and band”’ 

(P for polymer) will be used in this report, and 

“‘gel’”’ will mean about a 10-? M solution of dye 

in water at room temperature. 

The structure of the dye molecule is shown in 
Fig. 1.°-" The dimethyl iodide compound was 
first synthesized many years ago by O. Fischer 
and G. Scheibe ;'® subsequently improvemerts in 
synthesis have been made on the diethyl! chloride 
compound by F. M. Hamer,'® and by L. G. S. 
Brooker and collaborators.'’ 

The dye in a dilute aqueous solution at room 
temperature does not fluoresce. However, irradi- 
ation of the ge/ with light of the same wave-length 
as the polymer absorption band (5730A) causes 
fluorescence in this P band*'*'!° (P for polymer), 
analogous to the resonance fluorescence of atoms. 
Irradiation of the gel with light of the wave- 
lengths of one of the two molecular absorption 
bands (5230 or 4900A), or with shorter wave- 
lengths, does not produce fluorescence ‘in these 
molecular bands, but again causes fluorescence 
only in the P band. 

If the amount of water in the gel is further 
reduced, new optical and mechanical properties 
are observed. Scheibe and L. Kandler™ state 
that under these conditions both molecular bands 
shift their positions to longer -wave-lengths. 
Jelley® finds that comparable dye concentrations 
give a thread-like but non-crystalline structure 
(third phase*). Further, when all the water is 
removed it is possible to obtain dye crystals 

®E. E, Jelley, Nature 139, 631 (1937). 

10S. E. Sheppard, Science 93, 42 (1941). 

"1S. E. Sheppard, Rev. Mod. Phys. 14, 303 (1942). 

® G,. Scheibe, Zeits. f. angew. Chemie 52, 631 (1939). 

18 G, Scheibe and L. Kandler, Naturwiss. 26, 412 (1938). 

4G, Scheibe, A. Schéntag, and F. Katheder, Naturwiss. 

27, 499 (1939). 

(92 “s Fischer and G. Scheibe, J. prakt. Chemie 100, 86 
16 Frances M. Hamer, J. Chem. Soc., p. 206 (1928). 
17L. G. S. Brooker and G. H. Keyes, J. Am. Chem. Soc. 

57, 2488 (1935). 

18 G. Scheibe, Zeits. f. angew. Chemie 50, 212 (1937). 

19G, Scheibe, Naturwiss. 25, 795 (1937). 


* The first phase is a molecularly dispersed solution; the 
second corresponds to the gel with primary polymerization. 
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Fic. 1. The dye 1,1’-diethyl-2,2’-cyanine chloride, 


Co3H23;NeCl, shows resonance between several configura- 
tions. One of these combinations (A«>B) is shown above. 
(The identical dye is called N,N’-Diathyl-Pseudo-Isocy- 
anin-Chlorid in the German literature, and 1:1’-diethyl-y- 
cyanine chloride in the British literature. Eastman Kodak 
Company’s designation is Dye V a. The notation used 
here in the text seems the least ambiguous.) The electric 
polarization of the 4900A molecular absorption band is 
along the y direction; that of the 5230A molecular absorp- 
tion band is along x. The single polymer consists of dye 
molecules piled one on top of the other, like a pack of 
cards, extending in the z direction. The electric polarization 
of the 5730A polymer absorption and fluorescence band is 
along z, determined by aligning the single polymer chains 
of the gel by streaming orientation. 


(fourth phase), which do not show the narrow P 
band but do show a different absorption and 
fluorescence spectrum. 

J. Franck and E. Teller?® have presented a 
theory in which the shape and behavior of the 
polymer band, the resonance fluorescence, and 
other spectroscopic and photochemical proper- 
ties are explained. This P band has all the 
properties expected from an electronic transition 
in a giant polymer in which the single resonators 
are so strongly coupled in the excited state that 
the energy remains in one molecule of the 
polymer a very short time compared with an 
oscillation period of that molecule (exciton”! 
migration). 

Scheibe and co-workers" have suggested 
that the dye molecules are coupled together by 
the inductive forces of the p electrons of the dye 
molecules, and also that the water molecules and 
conjugation play a role in forming the polymer. 
On the other hand, Sheppard!!!” has proposed 
that the intermolecular coupling is due to the 
linkage of two water molecules with the two 
pairs of corresponding nitrogen atoms of any 
two adjacent dye molecules along the polymer. 

Many more observations have been enu- 
merated in a survey by Sheppard." The present 
investigation is devoted to a further experimental 
study of the dye polymerization. 

20 J. Franck and E. Teller, J. Chem. Phys. 6, 861 (1938). 

21 J. Frenkel, Physik. Zeits. Sowjetunion 9, 158 (1936). 

2C,. E. Kenneth Mees, The Theory of the Photographic 


oa" (The Macmillan Company, New York, 1942), p. 
1076. 
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Fic. 2. —— position of maximum absorption. — — — posi- 
tion of the edges at estimated half-maximum absorption. 
With increasing water vapor pressure in the environment 
of a dye film at room temperature (21.4°C for the above 
data, and using Method 1 mentioned in the text), the 
wave-length of the maximum absorption of the P band 
continuously decreases, the width at half-maximum de- 
creases, and the intensity of the maximum increases. ny 
new position is attained rapidly and reproducibly. 


2. DEPENDENCE OF THE P BAND AT 
ROOM TEMPERATURE ON WATER 
VAPOR PRESSURE 


For dye films made by the evaporation of 
a solvent from a solution, Scheibe and co- 
workers! ?3 have shown that the P-absorption 
band becomes weaker and broader and shifts to 
somewhat longer wave-lengths as water is 
removed from the film by pumping. Jelley® has 
also noticed such a shift with aging. In the 
present work this observation has been studied 
by several methods. 

Most of the experiments were done with thin 
films of dye on glass; in a few cases polished metal 
surfaces were used. To make these films a dye 
solution of 1 mg per cc of solvent, or 2.76 (10)-* 
M, is placed on clean glass and the solvent is 
allowed to evaporate. Water is a poor solvent 
for this purpose because it does not evaporate 
uniformly and quickly, but the lower alcohols 
and chloroform in humid air behave more satis- 
factorily. Ethyl alcohol (95 percent) is prefer- 
able. The best thickness for observing the P band 
is about 5 (10)~® g of dye per cm?. A thinner film 
shows the P band too weakly; a thicker film acts 
as a red filter with a fairly sharp cut-off at about 
5850A. 


3G. Scheibe, A. Schéntag, J. Kopske, and K. Henle, 
Zeits. f. wiss. Photographie, Photophysik, u. Photochem. 
38, 1 (1939). 
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Even if absolute ethyl alcohol, used as the 
solvent, evaporates from the glass in ordinary 
air, the P band appears since water vapor from 
the atmosphere immediately enters the alcohol 
and also condenses on the film due to cooling by 
evaporation. When the gel state is reached the 
P band appears suddenly, intense, and narrow 
at 5730A. The gel film appears red by reflected 
light. Further drying reduces the intensity of the 
P band, broadens it, and shifts it continuously to 
longer wave-lengths (depending upon the hu- 
midity of the environment). The film now looks 
solid and appears golden by reflected light. 

Such dye films on glass show the P-absorption 
band nicely when placed before the slit of a 
spectroscope with a white light continuous back- 
ground. The instrument used was a direct vision 
Schmidt and Haensch (three-prism) spectroscope 
with a resolving power which permitted estima- 
tion of the position of the maximum absorption 
of the P band with an accuracy of about +3A. 

Measurements of the dependence of the P 
band at room temperature on water vapor 
pressure were made by many methods, three 
examples of which follow: 


1. In a closed box with glass windows the films were 
mounted over large flat trays in which was spread out a 
slushy mixture of water saturated with various salts, with 
an excess of salt. The air in the box was circulated. Each 
salt maintains its own characteristic constant water vapor 
pressure (depending upon temperature), and the values 
used were taken from the data of the U. S. Bureau of 
Standards. 

2. The dye films were put in a closed glass vessel which 
was connected by a large tube to a remote reservoir of 
liquid water kept at various temperatures. In this way the 
water vapor pressure of the environment of the films could 
be controlled. 

3. Water-saturated air at room temperature and de- 
hydrated air were mixed in various proportions at various 
total pressures for the environment of the films. 

These methods gave the same behavior of the P band; 
the presence or absence of dehydrated air made no dif- 
ference. 


The results are shown in Fig. 2. The total shift 
of the P band from the lowest water vapor 
pressure at which it is observable to saturation 
is about 50A. The position of the P band at all 
water vapor pressures remains distinct from that 
of each of the two molecular bands. The P-band 
behavior is understandable if one assumes that 
the polymer chains become longer as more water 
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is taken up (see, for instance, the discussion by 
Franck and Teller?®). 

The position of the P-absorption band of such 
dye films on glass can be used to measure water 
vapor pressure. This is a hygrometer* based on a 
new principle. 

After remaining a long time in ordinary air 
(where water vapor is always available), films of 
dye often develop a ‘“‘permanent”’ disappearance 
of the P band. This disappearance can usually 
be attained quickly by heating normal poly- 
merized films to about 100°C in an environment 
of very low water vapor pressure. These films 
when cooled to room temperature in ordinary 
air usually do not show the P band, but instead 
show a weak absorption band with its maximum 
at about 5650A and an estimated full width at 
half-maximum of about 200A. Placing these 
films in water-saturated air at room temperature, 
or even at temperatures as high as 100°C where 
the water vapor pressure is one atmosphere, 
usually does not cause the P band to reappear. 
Only if liquid water is condensed on the surface 
of the film (for instance, by strong exhalation), 
so that for a time the dye is dissolved in water, 
does the 5650A band disappear and the P band 
reappear. After the surplus water has evaporated 
the dye film shows the normal reversibly poly- 
merized P-band phenomena. It has been con- 
cluded, therefore, that another solid modifica- 
tion’ of the dye is possible (Jelley’s® fourth 
phase). As will be shown, this is a crystalline 
state of the dye which must be distinguished 
from the polymerized state. Consequently, dye 
molecules deposited on glass in a way which 
excludes water molecules during the formation 
of the film should give ‘this crystalline state, 
which cannot be converted into the polymerized 
state by the mere presence of water vapor if 
liquid water is excluded. 

To prove this, the following arrangement was 
used. A gas-tight glass box was fitted with sealed- 
on rubber gloves for manipulation. The box con- 
tained an atmosphere of CO. kept free from 
water vapor by the use of P,O;. The dye was 


* To make a practical instrument the temperature must 
be accounted for and the dye sample has to be replaced 
after several months. The design of such a practical instru- 
ment was not completed, but its feasibility was demon- 
strated. 

247. A. Leermakers, B. H. Carroll, and C. J. Staud, 
J. Chem. Phys. 5, 878 (1937). 
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deposited on the surface of glass in the manner 
described above, but great care was taken that 
the solvent, absolute ethyl alcohol or chloroform, 
was free from water. The evaporation of the 
solvent from the surface of the glass took place 
inside the dry box. In this way films were made 
which did not show the P band in the dry box 
nor after transfer to normal humid air. However, 
these films did show the 5650A crystal absorption 
band. Scheibe and collaborators** have used 
anhydrous amyl alcohol to get solid films not 
showing the P band. 

The same effect was obtained in experiments 
originally carried out to study the formation of 
monomolecular films of dye on the surface of 
mercury. Inside the dry box mentioned above 
glass slides were dipped through the dye film on 
mercury, in the manner of the Langmuir and 
Blodgett®® built-up film technique. These films, 
which were non-uniform after about 50 dips, 
again did not show the P band in the dry box 
nor after transfer to normal humid air. However, 
both these films and those mentioned in the 
previous paragraph showed the normal reversibly 
polymerized P-band phenomena when droplets 
of water dissolved the dye and the excess water 
evaporated. 

Macroscopic crystals of the dye obtained by 
standard crystallization methods do not show 
the P band even when put in a water-saturated 
atmosphere at room temperature, but do show 
the 5650A crystal absorption band. 

These results do not contradict the observation 
that dye films deposited in normal humid air, or 
from a solution containing water, or both, can be 
dehydrated and rehumidified reversibly and 
repeatedly at room temperature in the manner 
previously described. The removal of the water 
links permits the molecular planes to acquire 
new positions with respect to each other (prob- 
ably a perfect disorder) but not to change the 
positions of their anchor points on the supporting 
surface; these molecules are therefore prevented 
from grouping themselves into the crystalline 
state but remain in the right array to be aligned 
again into polymer chains as soon as water vapor 
is admitted. A dehydrated film may contain a 
fraction of the dye molecules in dispersed 


25‘Katharine B. Blodgett and Irving Langmuir, Phys. 
Rev. 51, 964 (1937). 
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TABLE I. Effect of low temperature on the P band. 
2.76 (10)-4 M dye in water, 3 mm thick. 


Estimated full width 


Temp. Amax. abs. at half-max. 
20°C no band 
—10 5730A 50A 
—20 5720 40 
—78 5712 30 
— 183 5700 25 
—195 5685 20 


The intensity of the maximum absorption increases with decreasing 
temperature. With liquid oxygen (—183°C) or aged liquid air the 
P band must be distinguished from the broader molecular absorption 
— liquid oxygen from 5740 to 5800 with its maximum at about 


monomeric form, another fraction in this par- 
ticular array ready to be polymerized by water 
vapor, and the remainder in crystalline form. 


3. DEPENDENCE OF THE P BAND AT 
VARIOUS TEMPERATURES ON WATER 
VAPOR PRESSURE 


Warming the gel to about 60°C causes the gel 
state and the associated P band to disappear.® ® 
From such observations one can conclude that 
even at room temperature the lengths of the 
polymer chains are reduced by heat movement. 
Consequently the formation of still longer chains 
was studied by lowering the temperature as far 
as —195°C (liquid nitrogen). Since it was desired 
to have sufficient water present at all tem- 
peratures the following procedure was adopted. 
A glass absorption cell about 3 mm thick was 
filled with a dilute solution of dye in water 
(about 10-* M which is too dilute for the P band 
to appear at room temperature). As the tem- 


100 


5800 5790 


Fic. 3. The position of the maximum absorption of the 
P band depends upon both the temperature of the film and 
the water vapor pressure indicated for each curve. The 
P band disappeared just above the highest temperature 
shown for each curve. 
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- perature is lowered further the chains lengthen, 


perature is lowered to about —10°C pure ice 
crystals (free of dye) form; between them there 
is a concentrated dye solution. As soon as the ice 
starts to form the P band appears. If the tem- 


since the heat motion does not break them as 
frequently. Table I gives an example of the con- 
tinuous change of the P band with lower tem- 
peratures. 

Even a 10-5 M solution of dye in water, which 
has only a faint pink color, shows the P band 
when frozen. At low temperatures polymerized 
dye films on glass show spectroscopic behavior of 
the P band similar to that of frozen water solu- 
tions (Table I). 

Increasing,the temperature of dye films causes 
the P band to shift continuously to longer wave- 
lengths and finally to disappear; increasing the 
water vapor pressure of the environment of the 
films causes the P band to shift continuously to 
shorter wave-lengths and to become more intense. 
The simultaneous application of these two op- 
posing effects was studied. The water vapor 
pressure was kept constant while the tem- 
perature of the film was increased until the P 
band disappeared. Then the film was restored to 
its original condition, a different water vapor 
pressure was established, the experiment was 
repeated, and so forth. The results are shown in 
Fig. 3. The spectroscopic behavior is in accord 
with the concept that a thermodynamic equi- 
librium exists between formation and destruction 
of chains so that the chain length increases with 
increase of water concentration relative to the 
dye (in this region), and decreases with increasing 
temperature. 


4. POLARIZED ABSORPTION AND FLUORESCENCE 
OF THE P BAND 


With films of dye prepared in the manner 
described in Section 2, as the solvent evaporates 
one can follow the development of the poly- 
merized state by the fluorescence excited with 
the near ultraviolet light of a mercury arc passing 
through a Wood filter. If evaporation occurs in 
relatively dry air, the yellow fluorescence appears 
as the concentration becomes high enough to 
initiate gel formation and reaches its maximum 
intensity when the gel state is attained. The 
fluorescence of the film then becomes weaker 
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corresponding to the less polymerized state 
which occurs in equilibrium with the relatively 
dry air. Placing the film in moist air, or breathing 
on it, causes the P-band fluorescence to flash 
up again. These observations are in accord with 
the data published by F. Katheder.?® When the 
film is dried out entirely and irreversibly, the 
weak red fluorescence of crystals appears. This is 
a broad band with its maximum at about 6200A. 

The experiments of Scheibe’” in which the 
electric polarization of the P band was deter- 
mined by aligning the polymer chains with 
streaming orientation were repeated. The gel 
was squeezed between two glass plates, one of 
which was moved linearly with respect to the 
other one. Polaroids were used as polarizer and 
analyzer. It was confirmed that the electric 
polarization of the P band both in absorption and 
in fluorescence is along the polymer axis, that is, 
parallel to the direction of relative motion of the 
two glass plates. 


5. INFLUENCE OF POLYMERIZATION ON 
THE MOLECULAR BANDS 

The molecular bands shift their positions but 
slightly as the concentration of the dye becomes 
great enough to form the gel, for which the 
P band is most highly developed, but the ab- 
sorption coefficient of the 5230 A molecular band 
decreases until it becomes roughly half as great 
when the P band shows its greatest strength.® * 
The 4900A molecular band is affected to a 
smaller extent. However, if the concentration of 
the dye becomes so great that the polymer band 
already starts to fade from lack of water, accord- 
ing to Scheibe and Kandler' the 5230 molecular 
band shifts to 5430 (described as 5300 to 5425 
by them) and the 4900 molecular band shifts to 
5100A, due to “neighborhood action of adjoining 
polymer chains.’”’ In the present investigation 
during the depletion of water a continuous shift 
of the 5230 molecular band to 5430 was not 
visually observed. The 5430 band appeared just 
when the P band started to fade, broaden, and 
shift continuously to longer wave-lengths. Mean- 
while the two molecular bands became less 
distinct without appreciably changing their 
positions and finally blurred out to a general 
broad absorption band without distinct maxima 


26F. Katheder, Kolloid Zeits. 92, 299 (1940); 93, 28 
(1940). 
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Fic. 4. A qualitative representation of the dependence 
of the P- and Py\-band relationship on dye concentration 
in water. By a higher development of the band is meant 
more absorption at the maximum, a narrower band, and 
the maximum shifted to shorter wave-lengths. 


when the water was entirely removed. After 
the 5430 band had appeared, it also faded, 
broadened, and shifted continuously to longer 
wave-lengths simultaneously with the P band. 
It seemed obvious to interpret the neighborhood 
action as a secondary polymerization of many 
chains all parallel to each other forming threads 
and coupled together in the x-y plane of Fig. 1. 
The hypothesis which is introduced to explain 
the spectroscopic behavior gains support from 
the fact that Sheppard had to assume (for other 
reasons) that there exist not only molecular 
chains called ‘‘nematoids”’ but also aggregates of 
sideways coupled chains termed ‘“‘smectoids’’."! 

To study this behavior, films slightly thicker 
than those described in Section 2 were used. 
Figure 4 qualitatively describes the development 
of this second polymer band in relation to the 
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tion of the edges at estimated half-maximum absorption. 
The above data were taken simultaneously with those 
shown in Fig. 2 where the conditions and behavior are 
described. The Py; band behaves very similarly to the 
P band. The Pm: band is only about 1.5 times the P-band 
width. The displacement between the bands remains 
nearly constant at 300A, for various water vapor pressures. 
The Py band is always weaker and broader than the P 
band under the same conditions. 
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P band as the dye concentration in water 
changes. This second polymer band at 5430A 
will be called the Py; band (polymer band due to 
modified molecular band). The Pai band needs 
higher dye concentration to appear than does 


00 
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Fic. 6. The position of the maximum absorption of the 
Py band depends upon both the temperature of the film 
and the water vapor pressure indicated for each curve, 
analogous to the behavior of the P band shown in Fig. 3. 
The above data were taken simultaneously with those 
shown in Fig. 3. The curves for both bands run nearly 
parallel and both bands disappear at nearly the same high 
temperature. The distortion of the lowest curve may be 
due to the beginning of crystal formation, for which the 
conditions are favorable. 


the. P band, but from there on both bands 
respond in much the same way to water depletion. 

Figure 5 shows the measurements of position 
and breadth of the Py band as a function of the 
water vapor pressure. Figure,6 gives the position 
of the Py; band as a function of temperature and 
water vapor pressure combined. Figure 7 is a 
spectrogram of all three bands—the P band and 
both modified molecular bands. 

The polarization of the Py, band in absorption 
is not in the same direction as that of the P band. 
Oriented dye films on glass in moist air were 
obtained by sliding one glass plate off the other 
one and quickly drying the remaining oriented 
gel (which was between the plates). The electric 
polarization of the Py; band in absorption is 
perpendicular to the single polymer chains, that 
is, in the plane of the molecules, in accordance 
with the hypothesis that it is the 5230A molecular 
band modified by the coupling between polymer 
chains. The fact that the Py, band appears at 
a higher dye concentration than that necessary 
for the P band and the fact that the Py, band 


absorption is weaker than that of the P band 
indicate that the coupling between polymer 
chains is weaker than the coupling between the 
molecules of a single polymer chain. 


6. EVIDENCE FOR DYE THREAD FORMATION 


If NaCl (or, for instance, KCI, HgCls, SrCl:) is added 
in excess to a dilute solution of the dye in water (10-4 M/), 
the common negative ion (CI) salting-out effect causes 
the dye molecules to coagulate into visible threads, which 
eventually coalesce to form a thick suspension (showing P- 
band fluorescence), leaving the supernatant liquid colorless. 

The dye was spread on a clean mercury surface in air, 
using 95 percent ethyl alcohol as the solvent for a dilute 
spreading solution. If now the dye film is compressed to a 
small area by a mica barrier, visible threads of dye are 
formed. When the barrier is moved back, making more 
area available, the film does not re-expand and the threads 
remain. 

Films of dye obtained in the manner described at the 
beginning of Section 2 show, in air, under a binocular 
microscope, threads of dye from about 10 to 100 microns 
long, confirming Jelley’s observation.® Furthermore, these 
threads do not change their appearance (length) when the 
film is put in a water-saturated atmosphere (breathed onto), 
in spite of the fact that the P band shifts according to 
Fig. 2. This is further evidence that the dye molecules, 
when deposited on a surface in a polymerized configuration, 
do not move their anchor points with respect to that surface 
as the water vapor pressure is changed. 


7. WATER:DYE MOLECULAR RATIO 
FOR POLYMERS 


Sheppard'"!2 has proposed a special model 
with two water molecules linking each dye 
molecule to each neighbor along the polymer 

5740 5435 5040 
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He 
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Fic. 7. Spectrogram of the dye on glass in ordinary air 
made in the manner described at the beginning of Section 2, 
using a Zeiss constant deviation prism spectrograph and 
Eastman 103 D plate. 


chain. Attempts were made in the present inves- 
tigation to measure the amount of water taken 
up by the dye to attain a certain stage of poly- 
merization. The following figures indicate the 
orders of magnitude of the effects to be expected. 
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One may cover, for instance, 100 cm? of glass 
(or metal) surface with 8.3 (10)'7 dye molecules 
[5(10)-® g/cm? ] with a film in which the dye is 
dehydrated but polymerizable by water vapor. 
If now as many water molecules are taken up to 
achieve the polymerization as there are dye 
molecules present, the hygroscopicity of the dye 
should be great enough to reduce the water 
content of 20 cc of saturated air at 20°C from 
100 percent to 92.7 percent relative humidity. 
It is not possible to weigh this mass of water 
[25 (10)-* g] with a normal balance, but it is 
possible to measure the change of the humidity 
in the gaseous state by using the position of the 
P-absorption band (Fig. 2) of dye films on small 
glass test plates as indicating hygrometers. 

Many different experimental arrangements 
were used, but in principle they were all based 
on the idea that a certain amount of water- 
saturated air was admitted to a vessel containing 
the glass plates clean and then the glass plates 
covered with the dye; the differences in relative 
humidity were measured. The amount of water 
taken up by the walls of the vessel and the clean 
glass plates was always greater than the amount 
taken up by the dye itself. To minimize the 
amount of water adsorbed on the vessel walls 
many different surfaces were tried. The best 
results were obtained with glass covered with 
silver or with polystyrene. But it was only 
possible to determine that a vessel containing 
several plates covered with the dye films always 
took up 5 or 10 percent more water to attain a 
certain high relative humidity than when the 
plates were without the dye. 

These results were not very reproducible and 
one may conclude only that for films polymerized 
to the maximum extent the amount of water 
taken up by originally dehydrated dye is of the 
order of magnitude of 4 to 10 water molecules 
per dye molecule.* 


8. DISCUSSION 


All authors agree that the 5730A polymer band 
(the P band) belongs to a polymer chain of 
1,1’-diethyl-2,2’-cyanine chloride molecules lined 
up in a direction perpendicular to the planes of 
the molecules which are coupled together by 


*In the gel (10-2 M) there are about 5500 water mole- 
cules per dye molecule. 
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water molecules. The question is an open one of 
how the water accomplishes the coupling and 
whether an intercoupled system of conjugated 
double bonds or a system of coupled optical 
resonators furnishes a more adequate descrip- 
tion. The first picture is analogous to an electron 
migration along the polymer chains; the second 
to an exciton migration. The optical properties 
of the P band (width, transition probability, res- 
onance fluorescence) fit both pictures equally 
well, but it seems difficult if not impossible to 
write a valence structure for the conjugated 
system along the whole polymer chain. 

One conceivable structure supporting the 
hypothesis of exciton migration, but different 
from that proposed by Sheppard,'®'"” is sug- 
gested here. This structure is offered only as an 
example of other similar configurations, all of 
which may actually contribute to the resonance 
coupling. 


| 


etc. 
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In this picture the plane of the paper is the 
x-z plane of Fig. 1; in other words, the planes of 
the dye molecules are perpendicular to the paper 
and the polymer axis is in the z direction. The 
groups of three C atoms represent the three 
central C atoms of the dye molecule (Fig. 1). A 
water molecule, placed midway between a pair 
of dye molecules and probably coplanar with 
them, is attached first to one of the pair (con- 
figuration C) and then to the other of the pair 
(configuration D) by opening the double bond 


C=C—C 
/| | / \ 
H OH H OH 
\ / 
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between two C atoms. The positions of the H 
and OH nuclei do not change during this 
“‘resonance.”’ In this polymer the ratio of water 
molecules to dye molecules would be 1:2. The 
introduction of a water molecule between two 
dye molecules modifies the resonance along the 
x direction and may be the reason why the 
absorption coefficient of the 5230A molecular 
band decreases with polymerization.>*. The 
second molecular band at 4900A (polarized along 
y of Fig. 1) may not be influenced in the same 
way, since cases are known in which the transi- 
tion from a dye to the leukodye influences only 
one of the absorption bands. The new “‘reso- 
nance”’ along the polymer axis (z) could account 
for the polarization of the absorption and 
fluorescence of the new main polymer band at 
5730A and the coupling of the electronic transi- 
tion in the molecular bands with this P band 
(as indicated by the fluorescence excitation). The 
fact that the polymerization is ad libitum re- 
versible by admission or removal of water vapor, 
once part of the molecules are anchored to the 
surface with the right spacing,* is independent 
of the special assumption introduced for the 
coupling by water molecules. The same is true 
for the irreversibility of polymerization by 
water vapor once the dye molecules are per- 
mitted to form the crystalline state. 

The Py, band, which appears when secondary 
polymerization joins polymer chains to form 
threads, depends upon the presence of water in 
a manner very similar to that of the P band. The 
question arises, therefore, whether a second 
hydration occurs coupling the ends of the dye 
molecules together. Such an hypothesis seems 
improbable, however, since the special steric con- 
ditions necessary for such interaction are hardly 
fulfilled at two different places of the dye mole- 
cules. The following assumption is much more 
plausible. The water molecules are necessary for 
lining up the dye molecules to form polymer 
chains, but by this process all planes of the dye 


* This fraction of the dye molecules will not readily form 
the crystalline state when dehydrated. To transform them 
into the crystalline state the adsorption forces must be 
overcome (heat of desorption). It is possible to get such a 
transformation at room temperature after a sufficiently 
long waiting period (perhaps months). 


molecules are forced iato parallel positions. If 
now polymer chains join together to form threads, 
the molecules in all adjacent chains also become 
coplanar. This coplanarity corresponds to a 
lining up of the optical resonators in the mole- 
cules and is therefore favorable for an exciton 
migration. If the water is partially or entirely 
removed, the coplanarity will be correspondingly 
partially or entirely destroyed; this in turn 
de-couples the adjacent dye molecules. As men- 
tioned in Section 5, the removal of the water 
does not restore the structure of the normal 
molecular bands, but produces only a visibly 
structureless general absorption in the spectral 
region of the molecular bands, and causes the 
disappearance of the P and Py bands. This is 
understandable since dye molecules adsorbed on 
glass in such an array are supposed to give an 
absorption spectrum broadened and blurred by 
the adsorption forces and by the non-coplanarity 
of the dye molecules. 

Irradiation with light of wave-length in the 
Pm band (electrically polarized perpendicular 
to the axis of the polymer chains) causes no 
fluorescence in the Py; band but produces 
fluorescence in the P band only (electrically 
polarized parallel to the axis of the chains).”’ 
This indicates an interaction between the two 
different excited states such that the energy 
absorbed in the resonator system of the coupled 
molecules is transferred to the excitation along 
the polymer chains. The transition probability of 
the P band is so much higher than that of the 
Py band that the energy once transferred will 
be emitted before it has a chance to flow back 
into the molecular resonators. 

The author is highly indebted to Professor J. 
Franck who suggested this problem and con- 
tinually guided its progress. Grateful acknowl- 
edgment is made to Drs. S. E. Sheppard, L. G. S. 
Brooker, and E. E. Jelley of the Eastman Kodak 
Company not only for supplying the dye 
samples but also for helpful discussion. The 
author also wishes to thank the General Electric 
Company for awarding the Charles A. Coffin 
Fellowship during part of this investigation. 


27 G. Scheibe, Zeits. f. Electrochemie u. angew. physik. 
Chemie 47, 73 (1941). 
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